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Abstract. We prove a version of Kontsevich's formality theorem for two subspaces (branes) of a vector space X. 
The resuh impHes in particular that the Kontsevich deformation quantizations of S(X*) and /\{X) associated with 
a quadratic Poisson structure are Koszul dual. This answers an open question in Shoikhet's recent paper on Koszul 
duality in deformation quantization. 

o . 

^ ■ 1. Introduction 

d ' Kontsevich's proof of his formahty theorem [14] is based on the Feynman diagram expansion of a topological 
quantum field theory. In [5] a program to extend Kontsevich's construction by including branes (i.e., submanifolds 
defining boundary conditions for the quantum fields) is sketched. The case of one brane leads to the relative formality 
theorem [6] for the Hochschild cochains of the sections of the exterior algebra of the normal bundle of a submanifold 
and is related to quantization of Hamiltonian reduction of coisotropic submanifolds in Poisson manifolds. Here we 
consider the case of two branes in the simplest situation where the branes are linear subspaces U , V a, real (or 
complex) vector space X. The new feature is that one should associate to the intersection U C\V dLO. A(x,-bimodule 
over the algebras associated with U and V . The formality theorem we prove holds for the Hochschild cochains of an 
1^ ■ Aoo-category corresponding to this bimodule. It is interesting that even if [/ = {0} and F = X = M the Aoo-bimodule 
, is one-dimensional but has infinitely many non-trivial structure maps. 

' Our discussion is inspired by the recent paper of B. Shoikhet [17] who proved a similar formality theorem in the 
I— I, framework of Tamarkin's approach based on Drinfeld associators. Our result implies that Shoikhet's theorem on 
Koszul duality in deformation quantization also holds for the explicit Kontsevich quantization. Next we review the 
question of Koszul duality in Kontsevich's deformation quantization, explain how it fits in the setting of formality 
' theorems and state our results. 

a\ ' 

fS| . 1.1. Koszul duality. Let X he a, real or complex finite dimensional vector space. Then it is well known that the 
' algebra B = S(X*) of polynomial functions on X is a quadratic Koszul algebra and it is Koszul dual to the exterior 
QQ . algebra A = /\{X). In [17] Shoikhet studied the question of quantization of Koszul duality. He asked whether the 
Kontsevich deformation quantization of A and B corresponding to a quadratic Poisson bracket leads to Koszul dual 
CTN ■ formal associative deformations of A and B. Recall that a quadratic Poisson structure on a finite dimensional vector 
space X is by definition a Poisson bracket on B = S(X*) with the property that the bracket of any two linear 
functions is a homogeneous quadratic polynomial. A quadratic Poisson structure on X also defines by duality a 
(graded) Poisson bracket on A ^ A{X) . If x^, . . . , are linear coordinates on X and 0i, . . . , 6'„ is the dual basis of 
X, the brackets of generators have the form 



> 



o 



- '—I 

X 



k,l i.j 

Kontsevich gave a universal formula for an associative star-product / * .g = /ff + fiBi{f,g) + h^B2{f,g) + ■ ■ ■ on 
S(X*)|ft] such that Bi is any given Poisson bracket. Universal means that Bj{f,g) is a differential polynomial in 
/, g and the components of the Poisson bivector field with universal coefficients. Kontsevich's result also applies to 
super manifolds such as the odd vector space W = X*[l], in which case S(Ty*) = S(X[— 1]) = A{X). Moreover, if the 
Poisson bracket is quadratic, then the deformed algebras Blh] are quadratic, namely they are generated by 9^, 

resp. Xi with quadratic defining relations. Shoikhet proves that Tamarkin's [18] universal deformation quantization 
corresponding to any Drinfeld associator leads to Koszul dual quantizations. Here we show that the same is true for 
the original Kontsevich deformation quantization. 



Key words and phrases. Deformation quantization; coisotropic submanifolds; Koszul algebras; Koszul duality; Loo-algcbras and 
morphisms; Aoo-bimodulcs. 
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1.2. Branes and bimodules. In Kontsevicli's approach, the associative deformations of A and B are given by 
explicit formula involving integrals over configuration spaces labelled by Feynman diagrams of a topological quantum 
field theory. We approach the question of Koszul duality from the quantum field theory point of view, following a 
variant of a suggestion of Shoikhet (see [17], 0.7). The setting is the theory of quantization of coisotropic branes 
in a Poisson manifold [5]. In this setting, quantum field theory predicts the existence of an Aoo-category whose set 
of objects S is any given collection of submanifolds ("branes") of a Poisson manifold. If S consists of one object 
one obtains the Aoo-algebra related to Hamiltonian reduction [6]. Here we consider the next simplest case of two 
objects that are subspaces U,V of a finite dimensional vector space X. In this case the Aoo-category structure 
is given by two (possibly curved) Aoo-algebras A, B and an Aoo-^-i3-bimodule K over or C|/i]; the ^oo- 

algebras represent the spaces of endomorphism of the two objects U, V respectively, while the Aoo-^-S-bimodule 
represents the space of morphism from U to V. More precisely, we have A ^ T{U, A{NU))lhj = S{U*) (X) A{X/U)lhj, 
B = r{V, A(Ny))|ft] = S{V*) (g) A(X/F)|S], the sections of the exterior algebras of the normal bundles, and 

(1) K = T{Uri V, A(TX/(T[/ + TV)))lh} = S{U DV)® A{X/{U + V))lhj. 

The structure maps of these algebras and bimodule are compositions of morphisms in the Aoo-category and are 
described by sums over graphs with weights given by integrals of differential forms over configuration spaces on 
the upper half-plane. The differential forms are products of pull-backs of propagators, which are one-forms on the 
configuration space of two points in the upper half-plane. Additionally to the Kontsevich propagator [14], which 
vanishes when the first point approaches the real axis, there are three further propagators with brane boundary 
conditions [5,7]. The four propagators obey the four possible boundary conditions of vanishing if the first or second 
point approaches the positive or negative real axes. In the physical model these are the Dirichlet boundary conditions 
for coordinate functions of maps from the upper half plane to X such that the positive real axis is mapped to a 
coordinate plane U and the negative real axis to a coordinate plane V. 

The new feature here is that even for zero Poisson structure the Aoo-bimodule has non-trivial structure maps. Let 
us describe the result first in the simplest case U = {0}, V = X so that A = A{X), B = S{X*), K — R (here it is 
not necessary to tensor by since the structure maps are independent of K). 

Proposition 1.1. Let A be the graded associative algebra A = A{X) = S(X[— 1]) with generators of degree 1 and 
B = S{X*) concentrated in degree 0. View A and B as A^o-algebras with Taylor components products d-' = except 
for j — 2. Then there exists an A^o-A-B -bimodule K whose structure maps 

^hk . ^^-^pj ^ ^j^j ^ ^j^pfc ^ ^^^^ 

obey A^i^ {v®k®u) = (li, v)k for k G K , v G X d A{X) and u G X* C S(X*) and { , ) is the canonical pairing. In the 
general case of subspaces U,V C X, where A is generated by Wa = U* ® {X/U)[l]) and V by Wb = V"* ® (X/y)[l], 
A]^^{v®k®u) = {v,u)k forve (V/iUnV))* ® U/{U nV)[l] C Wb and u e (U/iUnV))* ® V/{UnV)[l] C Wa- 

The remaining d^ are given by explicit finite dimensional integrals corresponding to the graphs depicted in Fig. 5, 
see Section 6. There should exist a more direct description of this basic object. 

Example 1.2. If X is one- dimensional, A = R[e], B ^ K[x] with 9^ = the non-trivial structure maps of K on 
monomials arc 




in this case, they can be computed inductively from the Aoo-A-B-himodule relations, using that d]^^ is simply the 
duality pairing between the generators 9 = dx and x. 

Conjecture 1.3. The bimodule of Prop. 1.1 is A,^-quasi-is amorphic to the Koszul free resolution A{X*)<^S{X*) of 
the right S{X*)-module R, where A{X) acts from the left by contraction. 

1.3. Formality theorem. Our main result is a formality theorem for the differential graded Lie algebra of Hochschild 
cochains of the Aoo-catcgory associated with the ^oo-A-B-bimodule K (for zero Poisson structure). Let thus as above 
U, V be vector subspaces of X, the objects of the category, and A = r{U, A(NU)) = Hom(C/, U), B = T{V, A(NV)) = 
Hom(y, y), K = T{U n V,A{TX/(TU + TV))) = Hom(l/, C/), }{om{U,V) = 0. The nonzero composition maps in 
this ^oo-category are the products on A and B and the ^c>o-bimodule maps d^' : A[l]®'' (g) if (g) i3[l]®' -J> K[l], 
k,l > Q,i + j > 1. Let us call this category Ca.too{A, B, K). As for any Aoo-category, its shifted Hochschild 
cochain complex C*'^^{Ca.too{A, B, K)) is a graded Lie algebra with respect to the (obvious extension of the ) 
Gerstenhaber bracket. Moreover there are natural projections to the differential graded Lie algebras C*~^^{A, A), 
C*'^^{B, B) of Hochschild cochains of A and B. By Kontscvich's formality theorem, these differential graded Lie 
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algebras are Loo-quasi-isoniorphic to their cohomologies, that are both isomorphic to the Schouten Lie algebra 
T'+^{X) = S{X*) (g) A'+^X of poly-vector fields on X. 
Thus we have a diagram of Loo-quasi-isomorphisms 

(2) C'+^A,A) 




Theorem 1.4. There is an La^-quasi-isomorphism T'^^^{X) — C'^^{Catr^{A,B,K)) completing (2) to a commu- 
tative diagram of Loo-morphisms. 

The coefficients of the Loo-morphisms are given by integrals over configuration spaces of points in the upper half 
plane of differential forms similar to Kontsevich's but with different (brane) boundary conditions. This "formality 
theorem for pairs of branes" is an Aoo analogue of Shoikhet's formality theorem [17], who considered the case U = {0}, 
V = X and K replaced by the Koszul complex and used Tamarkin's Loo-morphism instead of Kontsevich's. Theorem 
1.4 follows from Theorem 7.2 which is formulated and proved in Section 7. 

1.4. Maurer— Cartan elements. An Loo-quasi- isomorphism — > g' induces an isomorphism between the sets 
AdC{Qi) = {x e dx + ^[xjx] = 0}/ exp(fi,g°|ft]) of equivalence classes of Maurer-Cartan elements (shortly, 
MCE), see [14]. MCEs in Tpoiy(X) arc formal Poisson structures on X. They are mapped to MCEs in C'(^, A) and 
C*{B,B), which arc Acc-deformations of the product in A and B. The previous theorem implies that the image of 
a Poisson structure in X in G'{A, B, K) is an ^oo-bimodulc structure on over the ^oo-algcbras A\li\, 

1.5. Keller's condition. The key property of the bimodule if, which is preserved under deformation and implies 
the Koszul duality and the fact that the projections pa,Pb are quasi- isomorphisms, is that it obeys an Aoo-version 
of Keller's condition [13]. Before formulating it, we introduce some necessary notions, see Section 4 for more details. 

Recall that an Aoo-algebra over a commutative unital ring i? is a Z-graded free i?-module A with a codifferential 
Aa on the counital tensor i?-coalgebra T(A[1]). The DG category of right Aoo-modules over an ^oo-algebra A has as 
objects pairs (M, di/) where M is a Z-graded free i?-modulc and Am is a codifferential on the cofrce right T(^[l])- 
comodule FM = M[l] ®b. T(^[1]). The complex of morphisms Hom_^(M, N) is the graded _R-module whose degree 
j subspace consists of homomorphisms FM — > FN of comodules of degree j, with differential >dAro0— i/io d^/. 
In particular End_^(M) — Hom_^(M, M), for any module M, is a differential graded algebra. If A is an ordinary 

associative algebra and M, N are ordinary modules, the cohomology of Hom \{M, N) is the direct sum of the Ext- 

groups Ext^^(A/, iV). The DG category of left A-modules is defined analogously; its morphism spaces are denoted 
Hom 4 (M. N). If A and B are Aoo-algebras, an Aoo-^-S-bimodule structure on K is the same as a codifferential on 
the cofree T(A[1]) - T(i?[l])-comodule T{A[l]) <S) K[l] ®T{B[1]) namely a codifferential compatible with coproducts 
and codifferentials d^, d^. 

The curvature of an Aoo-algebra (A, d^) is the component Fa G A^ in A[l] = T^{A[1]) of dyi(l) where 1 € i? = 
T°(A[1]). If Fa vanishes then dyi(l) = and A is called flat. If A and B are ffat then an ^oo-^-^-bimodule is in 
particular an Aoo left A-modulc and an A^c right _B-modulc. The left action of A then induces a derived left action 

La - A^ End _p(Al, 

which is a morphism of Aoo-algebras (the differential graded algebra End p(K) is considered as an Aoo-algebra with 
two non-trivial structure maps, the differential and the product). Similarly we have a morphism of Aoo-algebras 

Rb: 5^ End 4 (K)°p. 

We say that an ^oo-^--B-bimodule K, for fiat Aoo-algebras A, B, obeys the Keller condition if La and Kb are 
quasi- isomorphisms. 

Lemma 1.5. The bimodule K of Prop. 1.1 obeys the Keller condition. 

An ^tx3-version of Keller's theorem [13] that we prove in Section 4, see Theorem 4.12 states that if K obeys the 
Keller condition then pA and pb in (2) are quasi- isomorphisms. Moreover the Keller condition is an Aoo-version of 
the Koszul duality of A and B and reduces to it in the case oiU = {0}, V = X and quadratic Poisson brackets, for 
which both A and B are ordinary associative algebras. Indeed in this case Fa and Rs induce algebra isomorphisms 
B = Fy±\_{K,K)°P, A = Fy±*_g{K,K)°'^. 
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1.6. The trouble with the curvature. Let us again consider the simplest case U = {0}, V = X, and suppose that 
TT is a Poisson bivector field on X. Then Kontsevich's deformation quantization gives rise to an associative algebra 
{Bh = S(X*)|fi|,*s) and a possibly curved Aoo-algebra {Ah = A(X)|?i], d^a), both over M|fi,]. The one-dimensional 
A-i?-bimodule K deforms to an Aoc-Ah-Bh-himoduie Kn- If we restrict the structure maps of this bimodule to 
Kji (E)T{Bfi) wc get a deformation o : Kri ® Bfi^ Bri of the right action of B as only non-trivial map. However, this 
is not an action: instead we get 

(fc o 6i) o &2 - fc o (fei ★62) = (FAR,dfei A Ab2)k. 

The curvature F^^ is a formal power series in h whose coefficients are differential polynomials in the components of 
the Poisson bivector field evaluated at zero. Its leading term vanishes if 7r(0) = (i.e., if V is coisotropic). The next 
term is proportional to . It represents an obstruction to the quantization of the augmentation module over S(X*). 
T. Willwacher [21] constructed an example of a zero of a Poisson bivector field on a five-dimensional space, whose 
module over the Kontsevich deformation of the algebra of functions cannot be deformed. On the other hand, there 
are several interesting examples of Poisson structures such that = 0. Apart from quadratic Poisson structures 
there are many examples related to Lie theory, which we will study elsewhere. 

1.7. Organization of the paper. After fixing our notation and conventions in Section 2, we recall the basic notions 
of Aoo-categories and their Hochschild cochain complex in Section 3. In Section 4 we formulate an Aoo-version of 
Keller's condition and extend Keller's theorem to this case. In Section 5 integrals over configuration spaces of 
differential forms with branc boundary conditions arc described. The differential graded Lie algebra of Hochschild 
cochains of an Aoo-category is discussed in Section 6. Our main result and its consequences are presented and proved 
in Section 7. 

Acknov^rledgements. We are grateful to Alberto Cattaneo, David Kazhdan, Bernhard Keller, Thomas Tradler and 
Thomas Willwacher for useful comments, discussions and suggestions. This work been partially supported by SNF 
Grant 200020-122126 and by the European Union through the FP6 Marie Curie RTN ENIGMA (contract number 
MRTN-CT-2004-5652). 

2. Notation and conventions 
We consider a ground field k of characteristic 0, e.g. fc = R or C. 

Further, we consider the category GrModfe of Z-graded vector spaces over k: we only observe that morphisms are 
meant to be linear maps of degree 0, and we use the notation hom(y, W) for the space of morphisms. We denote 
by Modfc the full subcategory of GrModfe with objects being the ones concentrated in degree 0. Wc denote by [•] the 
degree-shifting functor on GrModfe. 

The category GrMod^; is a symmetric tensor category: the tensor product V ®W (where, by abuse of notation, we 
do not write down the explicit dependence on the ground field fc), for two general objects of GrModfc, is the tensor 
product of V and W as fc- vector spaces, with the grading induced by 

rri+n—p 

The symmetry isomorphism a is given by "signed transposition" 

(Jv,w --V ®W — > W ®V ; V ®w I — > (-l)l''ll'"lu; ® v . 

Observe finally that the category GrMod/; has inner Hom's: given two graded vector spaces V, W one can consider 
the graded vector space Hom(V, W) defined by 

Rom\V, W) = hom{V, W[-i]) = hom„od, {Vk,Wk+^), i € Z . 

fcez 

Concretely, it will mean that we always assume tacitly Koszul's sign rule when dealing with linear maps between 
graded vector spaces: e.g. 

{(j> (g) ■ip){v (g}w) = (-l)l'^'ll''l0(w) (E) ij{w) . 

Remark 2.1. We will sometimes deal with a variant GrModfe of this category where the Hom-spaces are replaced by 
their completion: 

B^i\v, W) = h^iiV, W[-i]) = Y[ hom„od, [Vk, Wk+^), ieZ. 

fcez 
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The identity niorphisni of a general object V of the category GrModfc induces an isomorphism s : M ^ of 
degree —1, which is called suspension; its inverse : M[l] — >■ M, which has obviously degree 1, called desuspension. 
It is standard to denote by | • | the degree of homogeneous elements of objects of GrModfc: recalling the definition of 
suspension and desuspension, we get |s(»)| = |»| — 1. 

For a general object V of GrMod^, we denote by T(V) := V^®" the graded counital tensor coalgcbra cogen- 

erated by V: the counit is the canonical projection onto = k and the coproduct is given by 

n-l 

A(z;i| •• • \Vn) = l®{vi\--- \Vn) + ^^(^ll ^ ' I^J") ® + 1 1 ' ' ' I"") + («1 1 ' ' ' W) ® ^ ] 

J = l 

where, for the sake of simplicity, we denote by {vi \ ■ ■ ■ \ vn) the tensor product vi (E) ■ ■ ■ Vn in 1/®". 

Further, the symmetric algebra S{V) is defined as S{V) = T{V)/ {{vi\v2) - (-l)l''ill''^l(w2|t'i) : vi,V2 G V). A 
general, homogeneous element of S{V) will be denoted hy vi ■ ■ ■ Vm Vi in V, i = 1, . . . ,n. The symmetric algebra is 
endowed with a coalgcbra structure, with coproduct given by 

Ash{vi ■ ■ ■ Vn) = ^ ^ e(cr,wi, . . . ,w„)(tV(i) . . .t;^(p)) (g) . . .'!;^(„)) , 

where &p.q is the set of (p, g)-shuffles, i.e. permutations a G &p+q such that cr(l) < . . . a{p) and a{p+l) < ■ ■ ■ < cr(n), 
with corresponding sign 

(3) e(a, wi, . . . , Vn) = (-1)^.<.,"(.».(.) l-'-'llT^-l , 

and counit specified by the canonical projection onto k. 

We define further the cocommutative coalgcbra of invariants on V as C{V) = ®„>oIn(^)j with In{V) ^ {x G 
Y^n . ^ _ urj.^\fu £ ©„}: it is a sub-coalgebra of T{V), with coproduct given by the restriction of the natural 
coproduct onto and standard counit. We define also the cocommutative coalgcbra without counit as C~^{V) = 
C{V)/k: we have an obvious isomorphism of coalgebras Sym : S{V) — )■ C{V), explicitly given by 

S{V) 3vi---Vn^i^ ^ e(cr, ui, . . . ,?;„)(w^(i)| • • • |wct(„)) G C{V) . 

Finally, we need to consider the category GrMod^^^ of / x /-graded objects in GrMod/;, where / is a finite set. In 
this category the tensor product is defined by 

and Hom's are given by 

Hom/x/(F, W^),j = Hom(l/,,,, W,,,) . 
This monoidal category is of course NOT symmetric at all ... but we will often allow ourselves to use the symmetry 
isomorphism a of GrMod^ in explicit computations a.s V W C V (E) W and Hom/x/(V, W) C IIom(y, W) for any 
/ X /-graded objects V, W in GrMod^. 

E.g. we have the graded counital tensor coalgcbra Tj{V) :— V^®^" cogenerated by V as above. But we do 

not have the symmetric algebra in GrMod^.^^. 

3. Aoo-CATEGORIES 

In the present Section, we introduce the concept of (small) Aoo-categorics and related Aoo-functors. 

Definition 3.1. A (small and finite) Aoc-category is a triple A ~ (/, A, dyi), where 

• / is a finite set (whose elements are called objects); 

• A = (Aa.b)(a.b)e/x/ is an element in GrMod^^^ (^a,b is called the space of morphisms from b to a); 

• dyi is a codifferential on T/(A[1]), i.e. a degree 1 endomorphism (in GrMod^^^) of T/(yl[l]), satisfying Aod^ = 
(dA (8)/ 1 + 1 «)/ d^) o A, £A o d^ = and (d^)^ = 0. 

This is equivalent to require that (/, T(j4[1]), d^i) is a (small) differential graded cocategory. 

The fact that d^ is a coderivation on T/(A[1]) and that it lies in the kernel of the counit implies that dA is uniquely 
determined by its Taylor components d^ : — A[l], n > 0, via 

n n — ?n 

dA|Ty(A[i]) = E E 1®'' ®^ ®/ , 

m=0 1=0 
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where 1®^' denotes the identity on Then, the condition (d^i)^ = is equivalent to the fohowing infinite set 

of quadratic equations w.r.t. the Taylor components of d-A'- 

k k-i+l 

(4) ^ ^ d^-*+io(l®^(j-i)®jd^®/l®^(^+i-J'-^)) =0, fc>0. 

Equivalcntly, if we consider the maps ^\ : A®'^ — >■ j4[2 — ??] obtained by twisting appropriately d^ w.r.t. suspension 
and dcsuspension, the quadratic relations (4) become 

fc fc-i+l 
1=0 3=1 

ai e Aa._i,a., and ao, . . . ,afe e J. 

An ^txj-category A = (/, A, Aa) is called flat, if d^^ — 0: in this case, A\ is a differential on A^ d\ is an associative 
product up to homotopy, etc ... Otherwise, A is called curved. If a flat Aoo-category is such that has d^ = 0, for 
fc > 3, then it is called a differential graded (shortly, from now on, DG) category. 

We now assume A = {I, A, d^) and B = (J, B, d^) are two (possibly curved) Aoo-categories in the sense of Defini- 
tion 3.1, then an Aoo-functor from ^ to S is the datum of a functor T between the corresponding DG cocategories. 
More precisely, T is given by 

• a map f : I ^ J; 

• an / X /-graded coalgebra morphism F : T/(yl[l]) T/(i?[l]) of degree which intertwines the codifferentials 
d^ and dg. i.e. F o dA = dg o _F. 

From the coalgebra (or better, cocategory) structure on T/(A[1]) and T/(i3[l]) (and since F is compatible with 
the corresponding counits, whence Fo{l) = 1), it follows immediately that an ^oo-functor from A to -B is uniquely 
specified by its Taylor components F„ : — > B[l] via 

n 

^^U[i]«." = E E 

k=0 ^n.■■■.^'k>'> 

As a consequence, the condition that F intertwines the codifferentials d^i and d^ can be re- written as an infinite 
series of equations w.r.t. the Taylor components of d^, d^ and F: 

I \ 



n n—in n 

E E ^"—+1 ° (i""'' ®^ ®/ 1®^^"-'"-')) = E 4- 

m=0 1=0 k=0 



E ^Mi • • • ®/ F^^. 

^i,...,ni.>0 , 



We finally observe that, twisting the Taylor components F„ of an Aoo-morphism F from A to B, we get a semi-infinite 
series of morphisms 0„ : A®^" — > B[l — n], of degree 1 — n, n > 0. The natural signs in the previous relations can be 
computed immediately using suspension and dcsuspension. 

Example 3.2. An Aoo-category with only one object is an Aoo-algebra; a DG algebra is a DG category with only 
one object. 

Given an Aoo-category A = (/, A, dA) and a subset J of objects, there is an obvious notion of full ^txj-subcategory 
w.r.t. J. In particular, the space of endomorphisms Aa.a of a given object a is naturally an ^oo-algebra. 

Example 3.3. We consider an ^txj-category C ~ (/, C, dc) with two objects; / = {a, b}. We further assume 
Cb,a = 0. Let us define 

A ~ Ca,a , B = Ch,h , K — Ca,b • 

A and B are ^oo-algebras, and we say that K is an Aoo-A-B-bimodule. We observe that we can alternatively define an 
j4oo-^-i?-bimodule structure on K as a codifferential dx on the cofree (T(^[l]), T(i?[l]))-bicomodule cogenerated by 
K[l]: we write d™'" for the restriction of the Taylor component d'^+"+i onto the subspace ^[1]®" ® ^[1]"^™ C 

(C[l]®^"+"+^)a,b (which takes values in K[l] = Ca,b[l]). We often denote by Catoo(^, B, K) the corresponding Aoo- 
catcgory. 

Remark 3.4. We observe that an Aoo-algcbra structure dA on A determines an ^oo-^-j4-bimodulc structure on A 
via the Taylor components 

(6) d™'" := d:^+"+\ 
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3.1. The Hochschild cochain complex of an Aoo-category. We consider an object A = (^a,b)a,be/x/ of 
GrMod^^^. We associate to it another element C'{A,A) of GrMod^^^, defined as follows: 

C*(A^)=0Hom,x/(A«^^+\^)=0 Hom(Aao,a,0---C5^ap,ap+„^ao,ap^O , 
p>0 p>0 ao,...,ap+i6/ 

The Z-grading on C*{A,A) is given as the total grading of the following Z^-grading: 

C^P^'^'>{A,A) = nomfy.j {A^'P+\A) . 

We have the standard brace operations on C*{A,A): namely, the brace operations are defined via the usual higher 
compositions (of course, whenever they make sense), i.e. 

P{Qi, . . . , Qq}{ai, . . . , a„) = 

= E (-1)^^^^ l'^^Op(ai, . . . , Qi(a,,, . ..),..., Q,(a,,, . ..),... ,a„) . 

In the previous sum, n ^ p + J2l=iila - 1), 1 < h, h + qk < ik+i, fc = 1, . . . , q - 1, + - 1 < n, and is 
a general element A, i ~ 1, . . . ,n; \Qk\ denotes the degree of Qk, while qk is the number of entries. We use the 
standard notation and sign rules, see e.g. [4,10,11,19] for more details: in particular, || • || denotes the total degree 
w.r.t. the previous bigrading. We finally recall that the graded commutator of the (non-associative) pairing defined 
by the brace operations on two elements satisfies the requirements for being a graded Lie bracket (w.r.t. the total 
degree), the so-called Gerstenhaber bracket. 

Remark 3.5. Another (more intrinsic) definition of the Hochschild complex is as the space of J x /-graded coderivations 
ofT,(^[l]): 

CC{A) :=Coder,x/(T/(yl[l])) =Hom,x/(T/(^[l]),A[l]). 

In this description the Gerstenhaber bracket becomes more transparent: it is simply the natural Lie bracket of 
coderivations. The identification between CC(^) and C{A,A) is again given by an appropriate twisting w.r.t. sus- 
pension and desuspension. 

According to the previous remark, the structure of an ^txD-category with / as set of objects and A as I x /-graded 
space of morphisms then translates into the existence of a Maurer-Cartan (shortly, MC) element 7 in C'{A,A), i.e. 
an element 7 of C*{A,A) of (total) degree 1, satisfying ^[7,7] = 7{7} = 0. Finally, the MC element 7 specifies a 
degree 1-differential d-^ = [7,*], where [•,•] denotes the Gerstenhaber bracket on C*{A,A). We obtain this way a 
DG Lie algebra. 

Remark 3.6. The Aoo-structures we have considered so far only have a finite number of Taylor components. In order 
to define Aoo-structures in full generality, where an infinite number of Taylor components is allowed, one has to 
work in the category GrModfc (see Remark 2.1). More precisely, in this context the degree n part of the completed 
Hochschild complex is 

C"(A,A):= n Hom|,,(A«^f+\A)= [] I Hom-^ (^^o.a, ® • • • » ^a^.a^^, , Aao^a^+J ) , 

p+q=n p+q=n yao,...,ap+ie/ J 

Example 3.7. We now make more explicit the case of the Aoo-category Catoo(^, B, K) of Example 3.3. First of all, 
the bigrading on C = Ca.tao{A,B,K) can be read immediately from the above conventions, i.e. 

C"(C,C)= Hom'(A®(P+i\A)© Y^om''{A®P ®K®B®\K)® Y^om" {B®^p+^\ B) . 

p+q—n p+Q+r— n p+q—n 

The Aoo-structure on Ca.-too{A,B,K) specifies a MC element 7, which splits into three pieces according to 7 = 
dyi + dii + d^. By the very construction of the Hochschild differential d-y, d^ splits into five components, since, for 
^ = '■PA + + (/3_b a general element of C*(C, C), 

d^i^ = [Aa, ^a] + <:h<WA} + [1, ^k] + AniipA} + [ds, i^s] . 

We observe that [7, (pn] = [^k, '■Pk] — (~l)"'''^^"<Pi<'{dA + ^k + ds}; we denote by G'{A, K, B) the subcomplex which 
consists of elements lpk in the middle term of the previous splitting. 

We want to explain the meaning of the five components in the alternative description of the Hochschild complex. An 
element </> in CC"(C) consists of a triple {(pA, (f'K, (I^b), where (resp. t^s) is a coderivation of T(A[1]) (resp. T(/3[l])) 
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and (t)K is a coderivation of the bicomodule T(A[1]) ® K[l\ ® T{B[1\) w.r.t. 4)a and 0b. Now the MC element 7 gives 
such an element (dyi, Ak, ds), which moreover squares to zero. The five components can be then interpreted as 

d^cj) = [dA, 0a] + La o 0a + [d^, 0a'] + Rb o 0^ + [ds, 0b] . 

The meaning of the morphisms La and R^, the derived left- and right-action, is explained in full details below in 
Subsection 4. 

Signs considerations. We now want to discuss the signs appearing in the brace operations, which correspond to the 
natural Koszul signs appearing when one considers all possible higher compositions between different elements of 
Hom(T(A[l]),A[l]). 

Before entering into the details, we need to be more precise on grading conventions: if is a general element of 
Hom™(_B[l]'^", then we write |0| = m. and similar notation holds, when is an element of Hom''(i?[l]'^P(8)_ftr[l](g) 

A[l]®«, K[l]). On the other hand, we write ||0|| = m+n-1, and similarly, if is in Hom''(S[l]®P«)X[l]®yl[l]®«, if [1]), 
1101 =p + q + r. 

We consider e.g. the Gerstenhaber bracket on B: for 0.;, i — 1, 2, in Hom™' (i3[l]®"' , i?[l]), we have 

[01,02] £ 01 O ® 02 ® _ ^ 0l), 

Twisting w.r.t. suspension and desuspension (we recall that the suspension s : B — > B[l] has degree -1 and the 
desuspension s^^ degree 1), we introduce the desuspended maps 0i G Hom^^™'~"' (S®"' , S), and we then set 
\(j>i\ :~ 1 + irii — Ui and ||0i|| = mi; in other words, 0; = s o 0j o (s~^)®"', i = 1,2. 
We observe that 

||0i|| = \4>i\ = mi, \4>i\ = ||0i|| = mi +7^1-1 modulo 2. 
We then get, by explicit computations, 

[01,02] = 01 • 02 - (-1)11^1 1111^^1102 . 02, 

where the new desuspended signs for the higher composition • arc given by 

(7) 01 • 02 = ^(-l)(l'?=l+"=-l)("i-l) + (^-l)("--l)01 o (l®0-l) 02 ® . 

We observe that these signs appear also in [6]. Obviously, replacing B by A, we repeat all previous arguments to 
come to the signs for the Gerstenhaber bracket on G*{A,A). 

Further, assuming e.g. (pi, i = 1,2. is a general element of Hom''' (i3[l]®P' (g) K[l] (S) A[l]®^' , /f [1]), we introduce 
the desuspended map via 0^ = s o 0j o (s-i)«'Pi+9i+i. which is an element of Hom''* (5®^' ® K A^'^^K). 

Setting 1 04 1 = n -pi - Qi and ||0j|| = r^, we have 

||0i|| = I0i| = ri, 10^1 = ||0i|| ^n+pi + n modulo 2. 

We further get the higher composition • between 0i and 02, coming from the natural brace operations, with corre- 
sponding signs 

01 • 02 = („l)(l*2|+P2+92)(pi+9i)+Pi(p2+92)^^ Q ^i«>Pl ^ 02 

If now 01 is in Honi''i(B[l]^Pi ® K[l] ® A[l]^''\ K[l]) and 02 is in Hom™^ (S[l]®"^ B[l]), and by introducing the 
desuspended maps 0^. i = 1, 2, whose (total) degrees satisfy the same relations as above, we get the higher composition 
with corresponding signs between 0i and 02, coming from the previously described brace operations: 

01 . 02 = |^(_l)(l^2l+"2-l)(Pi+9i) + 0-l)(»2-l)^2 o 02 + . 

Finally, if 0i, resp. 02, lies in Rom'^^ {B[1]'^p^^® K[l]f) A[l]^'i\ K[l]), resp. Hom'"^ (^[l]®"i , ^[1]), then the higher 
composition between the desuspended maps 0i and 02 with corresponding signs, coming from the brace operations, 
has the explicit form 

91 ~ 
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4. Keller's condition in the Aoo-framework 

We now discuss some cohomological features of the Hochschild cochain complex of the Aoo-category Catoo(^, B, K) 
from Example 3.3, Section 3: in particular, we will extend to this framework the classical result of Keller for DG 
categories [13], which is a central piece in the proof of the main result of [17]. 

Remark 4.1. Unless otherwise specified, Hom and End have to be understood in the category GrMod^. 

4.1. The derived left- and right-actions. We consider A, B and K as in Example 3.3, Section 3, borrowing the 
same notation. 

We consider the restriction dK,B of cIk to A'[l] ® T(_B[1]), i.e. the map 

dK,B = Pk.b o dx, 

where Pk,b denotes the natural projection from T{A[1]) (g) ^[1] (g) T(S[1]) onto K[l] (g) T{B[1]). 

A direct check implies that Pk,b is a morphism of right T(_B[l])-comodules, whence it follows directly that dK.B 
is a coderivation on K[l] (g T(i?[l]). 

Remark 4.2. Similarly, the restriction of d^ on T(A[1]) (g K[l] defines a left coderivation dA,K on T(A[1]) (g K[l]. 
For A, B and K as above, we set 

End„B W = End,=omod-T(i3[i])(^[l] ® T(i?[l])), 

where the superscript c means that we consider coalgebra endoniorphisms of the right cofree T(i?[l])-comodule 
K[l] g) T(i?[l]), for which only finitely many Taylor components are non-trivial. Obviously, End _p(/i ) becomes, 
w.r.t. the composition, a graded algebra (shortly, GA). 
Further, there is an obvious identification 

End p(K) = 0HomP(A'[l] (gB[l]®«,i^[l]) = HomP-«(if (g if ), 

g>0 q>0 

in the category GrMod^. We will sometimes refer to p, resp. q, as to the total, resp. cohomological, degree: their 
difference p — q is the internal grading. 

The derived left action of A on K, denoted by La, is defined as a coalgebra morphism from T(^[l]) to T(End_^(if)[l]), 
both endowed with the obvious coalgebra structures, whose m-th Taylor component, viewed as an element of 
End _ p(i^r)[l], decomposes as 

(8) l^Aiail- ■ ■ \amnk\h\ ■ ■ ■ |6„) = d'^'"(ai| • • • \a^\k\h\ ■ ■ ■ |6„), m > 1, n > 0. 

In a more formal way, the Taylor component L™ may be defined as 

L"(ai| • • • |a,„) = {Pk,b ° d_ft:)(ai| • • • \a„i\ ■ ■■). 

It is not difficult to check that L™(ai| • • • |a„i) is an element of End g(K). 

The grading conditions on d^ imply, by direct computations, that L™ is a morphism from ^[1]*^" to Find __ p(K)[l] 
of degree 0. 

For later computations, we write down explicitly the Taylor series of the derived left action up to order 2, namely, 
LA{ai\ ■ ■ ■ |a„) = L^(ai| • • • |a„) + ^ (L^'(ai| • • • |a„ J|L^^ (a„i+i | • • • |a„)) H 

We now want to discuss an y4oo-algebra structure on End _p(A"). For this purpose, we first consider d^^: since 
dK,B is a right coderivation on K[l] g) T(i3[l]), its square is easily verified to be an element of F,nd _p(K). 

Lemma 4.3. The operator d\ g satisfies 

di,B = -L^(dVl))- 

Proof. By its very definition, dx.B obeys 

<^K,B = ^K,B o dK o Pk.b o dif |^[,j^t(b[i])- 

Since dx is a bicomodule morphism, then, taking into account the definition of the left and right coactions Al and 
Ar on T{A[1]) (g K[l] (g T(B[1]), we get 

P/f,B od^l^j^j^^^^j^jj = dA'|^[ij^T(B[i]) ~ (dA(l)h)- 

Since d^ = 0, the claim follows directly. □ 
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Therefore, End _pfA') inherits a structure of Aoo-algebra, i.e. there is a degree 1 codifferential Q, whose only 
non-trivial Taylor components are 

g°(l)=L^(d^(l)), Q\^)^~[Ak,b,^], Q'(v5i|^2) = (-1)'^^'^i°¥'2. 

Remark 4.4. If we consider an ^oo-j4-i3-bimodule structure on K with finitely many non-trivial Taylor components, 
then the derivation is well-defined on End _ p(i^). When considering a more general Aoo-^-S-bimodulc structure, 
see Remark 3.6, Subsection 3.1, then we have to consider a completed version End _ pfJT) of 'EiT\d _p{K), allowing 
comodulc morphisms with infinitely many Taylor components (this translates into switching from the category GrModfc 
to GrModfc), in order to make well-defined. 

Remark 4.5. In a similar way, we may introduce the Anr.-algebra End 4_ {K) = EndT(A[i])-comod(T(A[l]) ^^^[l]) and 
the derived right action R^: accordingly, End ^ [K] is an Aoo-algebra, with Aoo-structure given by the curvature 
Q^{1) = R_B(d^(l)), degree 1 derivation [d^^/f ,•], and composition as product. Needless to mention. Remark 4.4 has 
to be taken into accout, with due modifications, also for End 4_(JC). 

It is clear that, if A and B arc flat Aoo-algebras, End piK) and End 4., (K) are DG algebras. 

Remark 4.6. The DG algebras 'Ex\d _p{K) and End^_(if) have been introduced by B. Keller in [12]. 

Lemma 4.7. The derived left action is an A^o-morphism from A to End , _p(A") 

Proof. The condition for La to be an Aoo-morphism can be checked by means of its Taylor components of Lia- 
namely, recalling that the Aoo-structure on End _p(j^) has only three non-trivial components, we have to check the 
two identities 

(LAodA){l) = (QoLa)(1), 
m m — fc+1 

E E (-l)^-i(l''^l-^)Lr'+' («i| • • • |dl(a.| • • • |a.+,_i)|a,+,| • • • |a,„) = 



(9) 



fc=0 i=l 



.>1, i = l,2 



The first identity in (9) follows immediately from the construction of the Aoo-structure on Find _p(K). In order to 
prove the second one, we evaluate both sides of the second expression explicitly on a general element of iir[l] (8)T(i?[l]), 
projecting down to K[l]: writing down the natural signs arising from Koszul's sign rule and the differential [dx^s, •], 
we see immediately that it is equivalent to the condition that K is an j4oo-j4-i?-bimodulc. □ 

Of course, similar arguments imply that there is an Aoo-morphism R^ from B to End 4 (K)"'^, where the suffix 
"op" refers to the fact that we consider the opposite product on End^_(iir): again, the condition that Kb is an 
Apo-morphism is equivalent to the fact that K is an Aoo-^-B-bimodulc. 

Furthermore, La, resp. R^, endow Fnd_g{K), resp. End 4_(/v)°P. with a structure of Aoo-^-^-bimodule, resp. 
-iJ-B-bimodule. 

In a more conceptual way, given two Aoo-algebras A and B and an Aoo-morphism F from A to B, we first view 
both A and B as Aoo-bimodules in the sense of Remark 3.4, Section 3. Then, we define an ^00-^-^-bimodule 
structure on B simply via the codifferential dp ° {F F), where dp denotes improperly the codifferential inducing 
the Aoo-B-S-bimodule structure on B. 

Explicitly, we write down the Taylor components of the ^txj-^-^-bimodule structure on End p(K): since the 
Aoo-structure on End p(K) has only three non-trivial Taylor components, a direct computation shows 

Q"^°((^) = -[d/cB,(p], Q™^" = 0, n,m>l, 

Q™^°(ai| • • • |a™|^) = (-l)^"-i(l'^'=l-i)L:4"(ai| • • • |a™) o y,, Q°'"(^|ai| • • • |a„) = (-l)V ° L^lail ' ' ' K), 

where m, resp. n, is bigger than 1 in the third, resp. fourth, formula. Similar formula; hold true for the derived right 
action. 

4.2. The Hochschild cochain complex of an Aoo-algebra. For the Aoo-algebra A, we consider its Hochschild 
cochain complex with values in itself: as we have already seen in Subsection 3.1, it is defined as 

C'iA,A) = Coder(T(A[l])) = Hom(T(A[l]), A[l]), 

the vector space of coderivations of the coalgebra T(A[1]) (with the obvious coalgcbra structure), and differential 
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If we now consider a general Aoo-^-^-biniodule M, we define the Hochschild cochain complex of A with values 
in M, which we denote by C*{A,M), as the vector space of morphisms Lp from T(yl[l]) to the bicomodule T(A[1]) (g) 
M[l](g)T{A[l]), for which 

Al o = (1 (g) (ys) o A^, Ah o ip = {ipi^l)o Aa- 
The differential is then simply given by dMf = dMO</?-(-l)''^'</'odA. It is clear that C*{A, M) = IIom(T(A[l]), A/[l]). 

Remark 4.8. The previous definition of the Hochschild cochain complex C'{A, M), in the case where M = A, agrees 
with the definition of C*{A,A): this is because, in both cases, C'{A,A) — IIom(T(A[l]), and because A 

becomes an Aoo-^-j4-bimodule in the sense of Remark 3.4, Section 3, which implies that the differentials on the two 
complexes coincide. 

We further consider the complex C'{A,B,K), with differential [dx,»] as in Subsection 3.1. 

Finally, for A, B and K as above, we consider the Aoo-^-^-bimodulc End _ p(A'): similar arguments work for the 
Aoo-B-S-bimodule End^_(i^)°P. 

Lemma 4.9. The complexes (C*(y4, i?. A'), [d^, •]) and {A,'EjaA_g{K)),iiEnd_g{K)^ CLre isomorphic. 

Proof. It suffices to give an explicit formula for the isomorphism: a general element ip of G*{A, B, K) is uniquely 
determined by its Taylor components from A[l]'»'" (g) K[l] (g) B[l]®" to K[l]. 

On the other hand, a general element ip of C'(A, l^nd __ p(K)) is also uniquely determined by its Taylor compo- 
nents V'™ from A[l]®™ to End_^(A'); in turn, any Taylor component -0™(ai| • • • \am) is, by definition, completely 
determined by its Taylor components (?/'™(ai| • • • |a™))" from K[l] (g) S[l]®" to K[l]. 

Thus, the isomorphism from C'{A,B,K) to C'(A, End _p(Ar)) is explicitly described via 

(<?'"(ai| • • • |a„))" {k\bi\- ■ ■ \bn) = (^"'"(ail • • • |a™|fc|6i| • • • K), m, n > 0. 

It remains to prove that the previous isomorphism is a chain map: for the sake of simplicity, we omit the signs here, 
since they can be all deduced quite easily from our previous conventions and from Koszul's sign rule, and we only 
write down the formula:, from which we deduce immediately the claim. It also suffices, by construction, to prove the 
claim on the corresponding Taylor components. 
Thus, we consider 

ndK,v3] (ail • • • \a„,)] ik\bi\ ■ ■ ■ |6„) = {[dx , f])"^'" (ai| • • • |am|A:|6i| • • • |6„) = 

={dK o ^r'"(ai| • • • |a„|fc|6i| • • • |6„) - (-l)l'^l(^ o d^fr'"(ai| • • • \a^\k\b,\ ■ ■ ■ |6„). 
The first term in the last expression can be re-written as a sum of terms of the form 

(11) d'-i'"-^' (ail • • • |a,_i|</.('"-'+i'J')(a,| • • • |a„|fc|6i| • • • \b,)\b,+i\- ■ ■ |5„) , 1 < z < m + 1, < j < n. 

On the other hand, the second term in the last expression is the sum of three types of terms, which are listed here: 



(12) 




ail • • 


1 1 i{m — z+l,?) / 1 

•|a,_i|d)^ '(ail-- 


■ |am|fc|fei| • 


■■\bj)\bj+i 


(13) 




(«l|- 


- - |ai_i|d^(aj| - - - \ai+j- 


■ ■ ■ 


\am\k\bi\ ■ 


(14) 


^m,n-j + l 


(«l|- 


••|a,n|fc|6i|---|6,-i|d^^( 


'bi\---\bi+j. 





■\bn] , Q<i<n+1, < j < n. 
We now consider the expression 

(dEnd g(g)'^) (oil • ■ ■ Iflm) = (dEnd ^(K) ° ^) (oil ' ' ' km) ^ (-1)'*^' (^O d^)™ (ai| - - - |a„J. 

If we further consider the previous identity applied to an element (fc|6i| - - - 1&„) as above, then the second term on 
the right-hand side is, by definition, a sum of terms of the type (13). 

On the other hand, wc consider the first term on the right-hand side of the previous expression: we recall the 
Taylor components (10) of the ^oo-^-j4-bimodulc structure on End _^fAr). whence 



(^dsnd p(K) O (ail • • • Wni) = - [dK.B, '/'"(oil ' ' ' km)] + 



+ ^ y^-^r ' ■ -f^ v"ii ■ • ■ i"m.i; ^ -^A 

(15) ^1+^2=- 



(_l)l^l+Erii(l«.l-i)^™i(a^| . . . |a,„J o L™^(a,„,+i| - - - |a,„)+ 



E 



(_l)(l^^l+i)(Ell\(|a.|-i))L™i(ai| . . . |a,„J o ^"^(a^.+il . . . |a„). 
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The sum of expressions (12), for which i = m + 1, and (14), equals, by definition, the first term on the right-hand 
side of (15); expressions (12), resp. (11), for which i < m, sum up to the second, resp. third, term on the right-hand 
side of (15). □ 

The same arguments, with obvious due changes, imply that the complex {C* {A, B, K), [dj<-,»]) is isomorphic to 
the Hochschild chain complex ^C*(5, End 4_ (K)°^), dF,„H ^ (if)°p^, replacing La by R^- 
Finally, composition with Lia and defines morphisms of complexes 

La ■■ C'{A,A) C'{A,B,K) = C'fAEnd p(K)). 
Rb : C'{B,B) C'{A,B,K) ^ C'fg.End^ (K]°p). 
More precisely, composition with La on C'{A,A) is defined via the assignment 
(La o ip)"^'" (ail • • • |a„|fc|6i| • • • |6„) = 

= E E (-l)l^l(^-^^l"^l-^))dr^+^'"(ai| • • • \^\a,\ ■ ■ ■ |a,+,_i)| • • • \a^\k\h\ ■ ■ ■ |&„), 

and a similar formula defines composition with Kb- The fact that composition with La and R^ is a map of complexes 
is a direct consequence of the computations in the proof of Lemma 4.7, Subsection 4.1, and of Lemma 4.9. 

Remark 4.10. We observe that the previous formula coincides with d^jiys}, using the notation of Subsection 3.1. 

Remark 4.11. There are obvious changes to be made when switching from the category GrMod^ to the category 
GrModfc; all results in this Subsection can be translated almost verbatim to GrMod^, with obvious due modifications. 

4.3. Keller's condition. From the arguments of Subsection 3.1, it is easy to verify that the natural projections pA 
and pb from C*(Catoo(^, B, K)) onto C'(A, A) and C'{B, B), respectively, are well-defined morphisms of complexes. 

A natural question for our purposes is the following one: under which conditions are the projections p^i and pB 
quasi-isomorphisms? The previous question generalizes, in the framework of Aoo-algcbras and modules, a similar 
problem for DG algebras and DG modules, solved by Keller in [13], and recently brought to attention in the framework 
of deformation quantization by Shoikhet [17]. 

In fact, when A and B are DG algebras and K is a. DG yl-i?-bimodules, we may consider the DG category 
CsLt{A, B, K) as in Section 3. Analogously, we may consider the Hochschild cochain complex of C&t{A,B,K) with 
values in itself: again, it splits into three pieces, and the Hochschild differential d-y, uniquely determined by the DG 
structures on A, B, and K, splits into five pieces. 

Again, the two natural projections pA and ps from C'(Cat(A, B, K)) onto C'(A, A) and C*{B, B) are morphisms 
of complexes: Keller [13] has proved that both projections are quasi-isomorphisms, if the derived left- and right- 
actions La and Rb from A and B to RHoml^(_ft', A') and RHom^_(if, i^)°P respectively are quasi-isomorphisms. 
Here, e.g. RHom_s(A', K) denotes the right-derived functor of Hom_s(»7 K) in the derived category I3(ModB) of the 
category Mods of graded right i?- modules, whose spaces of morphisms arc specified by 

Hom_B(F,VK) = 0Hom^5(F,VF) = hom_s(V^, W^[p])- 

The cohomology of the complex RHom'_^(Ar, K) computes the derived functor Ext'_^(i^, K) \ accordingly. La denotes 
the derived right action of A on in the framework of derived categories. 

We observe that the DG algebras End p [K) and End 4. [K) represent respectively RHom_B (K, K) and RHom^_ {K, K)°p , 
taking the Bar resolution of K in Mods and ^Mod respectively (of course, the product structure on RHom^_ {K, K)°p 
is induced by the opposite of Yoiieda product). Thus, the derived left- and right-action in the ^00-framework truly 
generalize the corresponding derived left- and right-action in the case of a DG category, with the obvious advantage 
of providing explicit formula; involving homotopies. Furthermore, in the framework of derived categories, the derived 
left- and right-actions La and Kb induce structures of DG bimodulc on KHom^B(K,K) and RHom^_ (X, if )°p in a 
natural way; further, two components of the Hochschild differential d^ arc determined by composition with La and 
Kb- 

Theorem 4.12. Given A, B and K as above, where A and B are assumed to be flat, if La, T6sp. , is d QUdsi- 
isomorphism, the canonical projection 

PB : C'{Cat^iA,B,K)) ^ C'{B,B), resp. pa : C'iCat^{A,B,K)) C'{A,A), 

is a quasi-isomorphism. 
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Proof. We prove the claim for the derived left-action; the proof of the claim for the derived right-action is almost the 
same, with obvious due changes. 

Since ps is a chain map, that it is a quasi- isomorphism tantamounts to the acyclicity of Cone*(ps), the cone of 
p_B- First of all, Cone'(ps) is quasi- isomorphic to the subcomplex Ker(pB)-^ 

We observe that Ker(pB) = C'{A,B,K) © C'{A,A): by the arguments of Subsection 3.1, C'{A,B,K) is a 
subcomplex thereof. Lemma 4.9, Subsection 4.2 yields the isomorphism of complexes 

C'{A,B,K) = C'U.End p(K]]. 

As already observed, composition with the derived left action La defines a morphism of complexes from C'{A, A) to 
C*(A. End 4(i^)): from this, and by the arguments of Subsection 3.1, it is easy to see that C*{A, B, K) © C*(^, A) 
is precisely the cone of the morphism induced by composition with L^, which we denote improperly by Cone(Lyii). 

It is now a standard fact that, for any ^oo-quasi-isomorphism of Aoo-algebras A ^ B, the induced cochain map 
C*(^, A) G'{A, B) is a quasi-isomorphism, where B is viewed as an ^oo-^-^-bimodule as explained at the end of 
Subsection 4.1. 

Therefore, Cone(L^) is quasi-isomorphic to the cone of the identity map on C'{A,A), which is obviously acyclic. 

□ 

Remark 4.13. If the ^oo-structurcs on A, B or K arc allowed to have infinitely many Taylor components, then 
Theorem 4.12 remains true for completed variants of Hochschild complexes. E.g., if the Aoo-morphisni : A — 
End _p(K) is a quasi-isomorphism, then the canonical projection ps : C{Ca.too{A, B, K)) — > C{B,B) is a quasi- 
isomorphism. The proof is completely parallel, with due modifications (e.g., C( End b(K)) being replaced by 

C(E^-s(A-))). 

5. Configuration spaces, their compactifications and colored propagators 

In this Section we discuss in some details compactifications of configuration spaces of points in the complex 
upper-half plane H and on the real axis R. 

We will focus our attention on Kontsevich's Eye €2,0 and on the I-cube 62,1, in order to better formulate the 
properties of the 2-colored and 4-colored propagators, which will play a central role in the proof of the main result. 

5.1. Configuration spaces and tiieir compactifications. In this Subsection we recall compactifications of con- 
figuration spaces of points in the complex upper-half plane "H and on the real axis M. 

We consider a finite set A and a finite (totally) ordered set B. We define the open configuration space as 

C+ B - Conf+ b/G2 = { (p, e H-^ X I p{a) ^ p{a') if a ^ a' , q{h) < q{b') iib<b'} /G2, 
where G2 is the semidirect product R+ k R, which acts diagonally on H-^ X R^ via 

(A, m)(p, q) = {Xp + fi,Xq + fi) (A e R+, M e R) • 

The action of the 2-dimensional Lie group G2 on such n + m-tuplcs is free, precisely when 2\A\ + — 2 > 0: in this 
case, g is a smooth real manifold of dimension 2\A\ + \B\ — 2. (Of course, when \B\ is either or 1, then we may 
simply drop the suffix as no ordering of B is involved.) 
The configuration space Ca is defined as 

Ca := {peC^l p{a) ^ p{a') ii a ^ a'} /G3, 

where G3 is the semidirect product R+ k C, which acts diagonally on via 

(A, n)p ^Xp + fi (A e R+, e C) . 

The action of G3, which is a real Lie group of dimension 3, is free precisely when 2\A\ — 3 > 0, in which case Ca is a 
smooth real manifold of dimension 2\A\ — 3. 

The configuration spaces G^ ^, resp. Ca, admit compactifications a la Fulton-MacPherson, obtained by successive 
real blow-ups: we will not discuss here the construction of their compactifications Ca, which are smooth 

manifolds with corners, referring to [3, 14] for more details, but we focus mainly on their stratification, in particular 
on the boundary strata of codimension 1 of ^. 

Namely, the compactified configuration space ^ is a stratified space, and its boundary strata of codimension 1 
look like as follows: 

"'^Namely, as in [17], we regard Cone(pB) as a bicomplcx with vortical differential being the sum of the corresponding Hochschild 
differentials of the two complexes involved and horizontal differential being Pb[1]. It has only 2 columns, hence the associated spectral 
sequence stabilizes at E2, and moreover, Ei coincides with Ker(ps). 
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i) there are a subset Ai of A and an ordered subset Bi of successive elements of B, such that 

intuitively, this corresponds to the situation, where points in H, labelled by Ai, and successive points in R 
labelled by Bi, collapse to a single point labelled by * in M. Obviously, we must have 2|yli| + |i?i| — 2 > 
and 2{\A\ - \Ai\) + {\B\ - \Bi\ + 1) - 2 > 0. 
m) there is a subset Ai of A, such that 

this corresponds to the situation, where points in H, labelled by Ai, collapse together to a single point * in 
H, labelled by *. Again, we must have 2|Ai| - 3 > and 2{\A\ - |Ai| + 1) + |B| - 2 > 0. 

5.2. Orientation of configuration spaces. We now spend some words for the description of the orientation of 
(compactified) configuration spaces g and of their boundary strata of codimension 1. 

For this purpose, we follow the patterns of [1]: we consider the (left) principal G2-bundlc ConfJ^ g — > Cj^ g, and we 
define an orientation on the (open) configuration space g in such a way that any trivialization of the G2-bundle 
Conf g is orientation-preserving. 

We observe that i) the real, 2-dimensional Lie group G2 is oriented by the volume form ^Iq^ = d6da, where a 
general element of G2 is denoted by (a, b), a £ R+, 6 G M, and ii) the real, 2n + m-dimcnsional manifold Conf^^ is 
oriented by the volume form r2QQjjf+ ~ d^zi • • • d^z„da;i • • • dxm, d^Zi = dRez^dlmzi, Zi in H, Xj in M. 

We only recall, without going into the details, that there are three possible choices of global sections of Conf^ 
to which correspond three orientation forms on G,"j"„ and on C^^- 



ra ' 



5.2.1. Orientation of boundary strata of codimension 1. We recall the discussion on the boundary strata of codimen- 
sion 1 of g, for a finite subset A of N and a finite, ordered subset i? of N at the end of Subsection 5.1. 

Therefore, we are interested in determining the induced orientation on the two types of boundary strata (16) 
and (17). In fact, we want to compare the natural orientation of the boundary strata of codimension 1, induced from 
the orientation of g, with the product orientation coming from the identifications (16) and (17). 

We may quote the following results of [1], Section 1.2. 

Lemma 5.1. Borrowing notation and convention from Subsection 5.1, 
i) for boundary strata of type (16), 

(18) c+ = (-l)^''l''^'+'^-'f^c+ ^^c+ 

where j is the minimum of Bi ; 
ii) for boundary strata of type (17), 

(19) rig c+ = -^ca, a r!c+ 

5.3. Explicit formulae for the colored propagators. In the present Subsection we define and discuss the main 
properties of i) the 2-colored propagators and ii) the 4-colored propagators, which play a fundamental role in the 
constructions of Sections 6 and 7. 

5.3.1. The 2-colored propagators. We need first an explicit description of the compactified configuration space C2,0i 
known as Kontsevich's Eye. Here is a picture of it, with all boundary strata of codimension 1, labelled by Greek 
letters: 



Figure 1 - Kontsevich's eye 
We now describe the boundary strata of C2,o of codimension 1, namely 

i) The stratum labelled by a corresponds to C2 = 5*^: intuitively, it describes the situation, where the two 

points collapse to a single point in H; 
ii) the stratum labelled by /3 corresponds to Ci.i = [0, 1]: it describes the situation, where the first point goes 
to K; 
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in) the stratum labelled by 7 corresponds to Ci^i = [0, 1]: it describes the situation, where the second point goes 
to M. 



For any two distinct points 2;, it; in EI U M, we set 



(^+(z,ui) = ^arg( ^ — -] , f {z,w) = (p+{w,z). 
Ztt \z ~ w J 



We observe that the real number ip'^(z,w) represents the (normalized) angle from the geodesic from z to the point 
00 on the positive imaginary axis to the geodesic between z and w w.r.t. the hyperbolic metric of HUK, measured in 
counterclockwise direction. Both functions are well-defined up to the addition of constant terms, therefore := dip^ 
are well-defined 1-forms, which arc obviously basic w.r.t. the action of G2'- in summary, are well-defined 1-forms 
on the open configuration space C2.o- 

Lemma 5.2. The 1-forms oj^ extend to smooth 1-forms on Kontsevich's eye €2,0, with the following properties: 

(20) w±U =<(d^), 

where dip denotes the (normalized) angle measured in counterclockwise direction from the positive imaginary 
axis, and tti is the projection from C2 x Ci^o onto the first factor. 

ii) 

(21) LO+\p=Q, Lo-\^=0. 

Proof. We first observe that a;+ is the standard angle form of Kontsevich, see e.g. [14], whence it is a smooth form 
on C2,0: which enjoys the properties (20) and (21). 

On the other hand, by definition, lj^ = T*ti;+, where r is the involution of C2.0, which extends smoothly the 
involution (z,?!") 1— >■ (w,z) on Conf2.o: then, the smoothness of cj~ as well as properties (20) and (21) follow imme- 
diately. □ 

We refer to [5] for the physical origin of the 2-colorcd Kontsevich propagators: we only mention that they arise from 
the Poisson Sigma model in the presence of a branc (i.e. a coisotropic submanifold of the target Poisson manifold) 
dictating boundary conditions for the fields. 

5.3.2. The ^-colored propagators. We now want to describe the so-called 4-colored propagators: for an explanation 
of their physical origin, which is traced back to boundary conditions for the Poisson Sigma model dictated by two 
branes (i.e. two coisotropic submanifolds of the target Poisson manifold), we refer once again to [5]. 

Here, we are mainly interested in their precise construction and their properties: for this purpose, we find an 
appropriate compactified configuration space, to which the naive definition of the 4-colorcd propagators extend 
smoothly. 

Description of the I-cube. We shortly describe the compactified configuration space C2.1 of 2 distinct points in 
the complex upper half-plane H and one point on the real axis M: by construction, it is a smooth manifold with 
corners of real dimension 3, which will be called the I-cube. 
Pictorially, the I-cubc looks like as follows: 
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Figure 2 - The I-cube C2,i 

Its boundary stratification consists of 9 strata of codimension 1, 20 strata of codimension 2 and 12 strata of codi- 
mension 3: we will explicitly describe only the boundary strata of codimension 1, the boundary strata of higher 
codimensions can be easily characterized by inspecting the former strata. 

Before describing the boundary strata of C2.1 of codimension 1 mathematically, it is better to depict them: 




X X 



a 15 75 £ 



12 12 

• • • • 




r? c e 

Figure 3 - Boundary strata of the I-cube of codimension 1 

The boundary stratum labelled by a factors as C2 x Ci^- since C2 = and Ci_i is a closed interval, a is a cylinder. 

Remark 5.3. We consider the open configuration space Ci^i = {e'* : t £ (0,7r)}: on it, we take the closed 1-form 
j^dt. It extends smoothly to a closed 1-form p on the compactified configuration space Ci^i, which vanishes on its 
two boundary strata of codimension 1: these properties will play a central role in subsequent computations. 

The boundary strata labelled by /3 and 7 are both described by C2.0 x Cjj'j, the only difference being the position 
of the cluster corresponding to C2.0 w.r.t. the point x on R: since is 0-dimensional, the strata a and /3 are two 
copies of Kontsevich's eye C2,o- 

The boundary strata labelled by 6 and e are both described by Ci,i x C14, depending on whether the point labelled 
by 1 or 2 collapses to the point x on the real axis: since Ci^i is a closed interval, both S and s are two squares. 

Finally, the boundary strata labelled by r], 9, C and factor as ^ Ci,o, depending on whether the point labelled 
by 1 or 2 goes to the real axis either on the left or on the right of x: since Ci.o is 0-dimensional, these boundary 
strata correspond to C^2- The latter compactified configuration space is a hexagon: this is easily verified by direct 
inspection of its boundary stratification. 

Explicit formulae for the 4-colored propagators. First of all, we observe that there is a projection 7r2_o from 
C2.1 onto C2,0j which extends smoothly the obvious projection from C2.1 onto C2,o forgetting the point x on the real 
axis. It makes therefore sense to set 

= 7r2^o(w+), w"'" = ttI„{u^). 

We further consider a triple (z, it;, x), where z, w are two distinct points in H and x is a point on M. We recall that 
the complex function z 1— y/z is a well-defined holomorphic function on H, mapping H to the first quadrant Q"*"'^ of 
the complex plane, whence it makes sense to consider the 1-forms 

i_, , 1 , / y^Z — X — y^W-Xy/z — X + s/w ~ x\ 

uj^^ [z,w,x) = — darg — = , 

y - ^yw-x Vz - X + y/w - X J 

_ , , , 1 / \/z ~ X — \/w — X -y/z — X — \/w ~ x\ 

uj '^{z,w,x) = —darg — ^= , . , ■ 

\_ + y/w-x Vz - X + y/w - X J 

Thus, oj^'^ and u)^'^ arc smooth forms on the open configuration space Conf2,i. We recall that there is an action 
of the 2-dimensional Lie group G2 on Conf2,i: it is not difficult to verify that both 1-forms w^'" and a;"'"*" are basic 
w.r.t. the action of G2, hence they both descend to smooth forms on the open configuration spaces C2,i. 

In the following Lemma, we use the convention that the point in H labelled by 1, resp. 2, corresponds to the initial, 
resp. final, argument in H of the forms under consideration. 

Lemma 5.4. The 1-forms uj^'~ , a;~'+ and uj~'~ extend smoothly to the I-cube C2.1. They further enjoy the 

following properties: 
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(22) uj^'^la = 7i'i(d</j), a;+ "la = TrUdif) - 7r2(p), = 7r*(d^) - n^ip), uj^~\a = <(d<rf9), 

where tt^, i = 1, 2, denotes the projection onto the i-th factor of the decomposition C2 x Cij of the boundary 
stratum a, and p is the smooth 1-form on Ci,i discussed in Remark 5.3. 

a) 

Lu^ \ 13 = uj^ , uj^'^\p=uj^, U!^ \ 13 ^ U!^ , u^'^lp^uj^ and 
^23^ .... . . 

where we implicitly identify both boundary strata with Kontsevich's Eye, see also Subsubsection 5.3.1. 

Hi) 

w+'+\s=Lo+^-\s=Lu-^+\s=Q, 
w+'"L = uj--+\^ = uj^'^\, = 0. 



(24) 
iv) 

(25) 



a;+'-|^ = = 0, w+^+le = u-'+\e = 0, 

= c^-'-|c = 0, o.+'+l^ = Lo+'-\^ = 0. 



Proof. First of all, since the projection 1^2^ '. €2^1 — > C2.0 is smooth, Lemma 5.2, Subsubsection 5.3.1, implies 
immediately that 0;"*"'+ and io~'~ are smooth 1-forms on C2.1. Lemma 5.2, Subsection 5.3.1, yields also immediately 
Properties i), ii), Hi) and iv) of and lo^'^. 

It remains to prove smoothness of uj'^'" and lu^'^ on €2,1 and Properties i), ii), Hi) and iv). We prove the 
statements e.g. for a;"'"'': similar computations lead to the proof of the statements for uj~'^ . 

In order to prove all statements, we make use of local coordinates of 62,1 near the boundary strata of codimension 
1 in all cases. 

We begin by considering the boundary stratum labelled by a: local coordinates of C2.1 near a are specified via 

C2 X Ci,i = y. [0, tt] 3 [if, t) ^ [(e", e" + ee'"^, O)] e C2S, e > 0, 

where a is recovered, when e tends to 0. We have implicitly used local sections of Ci_i and C2,i: the point on M has 
been put at 0, and the first point in EI has been put on a circle of radius 1 around 0. 
Then, using the standard notation [(z, w,x)] for a point in C2.1, we have 

y'w-x = y/z- x + ee''^ = y/z- x + e—^ — ^e'('^"^*) + 0(£^), z = e'*, x = 0. 

2\z ~ x\ 

Substituting the right-most expression in the definition of cj^'+ and taking the limit as e tends to 0, we get 

cj^'+la = ^ (dy^ - dt) = 7r*d(^ - 7r*(p), 

where p is the smooth 1-form discussed in Remark 5.3. We observe that, in the last equality, we have abused the 
notation dip, in order to be consistent with the notation of Lemma 5.2, Subsubsection 5.3.1. 

We now consider e.g. the boundary strata labelled by /3 and 7. Local coordinates of C2.1 near /3, resp. 7, are 
specified via 

C2,Q X Co+2 = C2,o X {-1, 0} 3 ((i, i + pe'^), (-1, 0)) ^ [(-1 + ei, -1 + e(i + pe''^), 0))] e €2,1, resp. 

C2,o X Co+2 = C2,o X {0, 1} 3 ((i,i + pe''^),(0,l)) [(l + ei, 1 + £(i + pe''^), 0))] £€2,1, p,e>0, 

where again /3 and 7 are recovered, when e tends to 0. (Once again, we have made use of local sections of the interior 
of €2,0 and €2,1.) 

Using the standard notation for a general point in (the interior of) C2,i; we have, near the boundary stratum /3, 
resp. 7, 



\J z — X = \J y — x ^ ez = i — e— + ©(e^), \Jw ~ x = \J y — x ^ ew = i — e— + O(e^), resp. 



- a; = - a; + ez = 1 + £^ + O(e^), \J w ~ x = yj y - x ^ ew = \ ^ 0{e^), 

where z = i and w = i + pe"'', y = — 1 for /3 and y = 1 for 7, and x = 0. 

Substituting the right-most expressions on all previous chains of identities in w^'" and a;"'"*", and letting e tend 
to 0, we obtain ii): in particular, the restrictions of and a;"'+ to /? and 7 are smooth 1-forms. 
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We now consider the boundary strata labeUed by S and s. Local coordinates of C2.1 near 5, resp. £, are specified 

via 

C14 X Ci,i = [0, tt] X [0, tt] 3 (s, t) ^ [(pe'^ e", O)] G €2,1, resp. 
C14 X Ci,i ^ [0, tt] X [0, tt] 9 (s, t) [(e'^ pe", O)] G Ca.i, 

where (5, resp. e, is recovered, when p tends to 0. 

Using again standard notation for a point in (the interior of) C2,i, we then get 

\J z — X = y/p-\/z, resp. — a; = ./pVw, 

where 2 = e'" and w = e'*. The remaining square roots do not contain p. 

In particular, if we substitute the previous expressions in a;^'^ and and let p tend to 0, we easily obtain 

which in particular implies that the restrictions of w^'^ and w^'^ to 5 and e are smooth 1-forms. 

Finally, we consider e.g. the boundary stratum labelled by 77. Local coordinates nearby are specified via 

Ci,o X C+2 = {i} X C+2 9 (i, (z, 0, 1)) ^ [{z, 1 + d, 0)] e C2,i, 

where rj is recovered, when e tends to 0. Here, we have used global sections of Ci^i, ^-^d C2.1J using the action 
of G2 to put the point in H to i, to put the first and the second point on R to and 1, and to put the point on R to 
and the real part of the second point in HI to 1. 

Computations similar in spirit to the previous ones permit to compute explicit expressions for the restrictions of 
ad to 77: in particular, we sec that uj^'" and a;^'+ restrict to smooth 1-forms on Ci2i ^-ud we also get 

iv). ' □ 



The 4-colored propagators on the first quadrant. We observe that the complex function z ^ ^/z restricts on 
HUM \ {0} to a holomorphic function, whose image is Q+'+ UM+ Ui]R+: the negative real axis is mapped to iR+, the 
positive real axis is mapped to itself, and H is mapped to Further, z ^ ^Jz is multi- valued, when considered 

as a function on C, with as a branching point. 

There is an explicit global section of the projection Conf2,i — > C2,i, namely 

/ z — X w — X \ 

€2,1 9 [{z,w,x)] <^ -,- -,0] e Conf2,i. 

Setting z = ]f5fy and w = \ !.Zx \ ■> S^^* two point in H: hence, setting u = -s/z and v = a/w, u and v lie in Q^''^ . 
We then find the alternative descriptions of the 4-colored propagators: 

+ ( \ fu-VU + v\ ^ 1 fu-VU + V 

w^'^(u,u) = — darg = — — , w^' = — darg — ■ — 

ZTT \U — V U + V / ZlT \U — V U + V 

1 fu — vu — v\ , , 1 fu — vu + v 

uj = — darg — — — ■ — , = — darg — — 

III \u + vu + vj Itt \u — V U + V 

We observe that the previous formula descend to the quotient of the configuration space of two points in Q+'+ w.r.t. 
the action of Gi = R"*" by rescaling. 

In fact, the present description of the 4-colored propagators is the original one, see [5]: we have preferred to work 
with the previous (apparently more complicated) description, because it is more well-suited to work with compactified 
configuration spaces. 

We finally observe that all previous formulae are special cases of the main result in [9], where general (su- 
per)propagators for the Poisson cr-modcl in the presence of n branes, n > 1, are explicitly produced. 



6. Loo-ALGEBRAS AND MORPHISMS 

In the present Section, we briefly discuss the concept of Loo-algebra and Loo-morphism; further, we describe 
explicitly the two Loo-algebras (which are actual genuine DG Lie algebras) which will be central in the constructions 
of Section 7. 

A DG Lie algebra g is an object of GrModfe, endowed with an endomorphism dg : g — >■ g of degree 1 and with a 
graded anti-symmetric, bilinear map [•, •] : g (81 — > of degree 0, such that dg squares to 0, and such that 

dg([.T,y]) = [dg(x),y] + (-1)1-1 [x,d,{y)], 

(-l)i-ll^l[[x,y],z] + (-l)l-ll^l[[y,z],x] + (-l)l^ll^l[[z,x],y] = 0, 
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for homogeneous elements x, y, z of g. The first Identity is the graded Leibniz rule, while the second is the graded 
Jacobi identity. 

A formal pointed Q-manifold is an object V of GrModfc, such that C'^{V) = S~^{V) is endowed with a codifferential 
Q. A morphism U between Q-manifolds {U,Qu) and {V,Qv) is a coalgebra morphism C^{V) — >■ C+(y ) of degree 
0, intertwining Qij and Qv- 

Definition 6.1. An Loo-structure on an object g of the category GrMod/c is a Q-manifold structure on ^[l]; the pair 
(fl, Q) is called an Loo-algebra. Accordingly, a morphism F between Loo-algebras (fli, Qi) and (02, Q2) is a morphism 
between the corresponding pointed Q-manifolds. 

The fact that Q is a coderivation on S^(g[l]) implies that Q is uniquely determined by its Taylor components 
Qn '■ — >■ an explicit formula for recovering Q from its Taylor components may be found e.g. in [8,14], 
we only mention that it is similar in spirit to the formula appearing in the case of Aoo-structures, although the fact 
that we consider the symmetric algebra causes the arising of shuffles. 

Furthermore, the fact that an Loo-morphism F : Qi ^ Q2 is a, coalgebra morphism, implies that F is also uniquely 
determined by its Taylor components Fn : S"(0i[l]) 02[1]- 

Remark 6.2. If (g,dg, [•,•]) is a DG Lie algebra, g has a structure of Loo-algebra, which we now describe explicitly: 
the Taylor components of the coderivation all vanish, except Qi and Q2, specified via 

(26) Qi=dg, Q2(a;i,a;2)-(-l)l^^^l[xi,X2], S fll^'l = (0[l])l"'l-i. 

In fact, it is easy to verify that = is equivalent to the compatibility between dg and [•,•] (graded Leibniz rule) 
and the graded Jacobi identity. 

We consider an Loo-morphism -F : 0i — >■ 02 between Loo-algebras: the condition that F intertwines the codifferen- 
tials Qi and Q2 can be re- written as an infinite set of quadratic relations involving the Taylor coefficients of Qi, Q2 
and F. 

Exemplarily, assuming 0^, i = 1, 2, are DG Lie algebras, the quadratic identities of order 1 and 2 take the form 

(27) QliFiix)) = Fi(Qi(x)), 

(28) Ql{Fi{x),F,{y))-F,{Ql{x,y))) = F2{Ql{x),y) + {-l)\^^-^F2{x,Q\{y)) - Ql{F2{x,y)), x,y e gi[l]. 

Equation (27) is equivalent to the fact that Fi is a morphism of complexes, while Equation (28)) expresses the fact 
that L^i is a morphism of GLAs up to a homotopy expressed by the Taylor component F2. 
More generally, we have the following Proposition, for whose proof we refer to [1]. 

Proposition 6.3. We consider two DG Lie algebras (01, di, [•,•]!) and (02, d2, [•,»]2)7 which we also view as Loo- 
algebras as in Remark 6.2. 

Then, a coalgebra morphism F : S+(0i[l]) — > S+(02[l]) is an Loo-morphism, if and only if it satisfies 

g'i(L^„(ai,...,a„)) + i eM,J)Q'2{F\i\{o^i),F\J\io^j)) = 

/UJ={1,. ..,«},/, ,7#0 

n 

o-Q(fc, 1, . . . , fc, . . . , n)L„((3i(afc), ai, . . . , o^, . . . , a„) -|- 

fc=i 

(29) +i ^ (Ta{k, /, 1, . . . , fc, . . . , f, . . . , n)F„_i((52(afc, a;), «!, . . . , a^, . . . , a;, . . . , a„), 

k^l 

where £«(/, J) denotes the sign associated to the shuffle relative to the decomposition L Li J ~ {1, . . . , n}, and CTq(. . . ) 
denotes the sign associated to the permutation in {...), see Section 2. 

6.1. The DG Lie algebras Tpoiy{X), for X = fc''. We consider now a ground field fc of characteristic 0, which 
contains K or C; we further set X = fc''. 

To AT, we associate the DG Lie algebra rpoiy(A) of poly- vector fields on X with shifted degree. More precisely, the 
degree-p-component r^oiy(^). P > is r(A, A^+^TA) = S(A*) (g> AP+'^{X), with trivial differential and Schouten- 
Nijenhuis bracket, determined by extending the Lie bracket between vector fields on A' as a (graded) bidcrivation. 

Hence, rpoiy(A) is an Loo-algebra, whose Q-manifold structure is 

Qi = 0, Q2(ai,a2) := -(-1)^'=^"^'^'=^' [«2, «i]sjv = ai • ^2 + (-l)''^'^^a2 • ai. 
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for general elements ai G ?"pdiy^(^), ^2 G Tl^oiy^{X), where the composition • is 

(30) ai . a2 = J2(-iy-'al'-"''diai'--"''d,, A • • • A 9,, A • • • A 9,,^ A % A • • • A 

1=1 

We will also consider a completed version Tpoiy(X), consisting of formal poly- vector fields near the origin on 
X = k'^: T'^iy{X) = S{X*) (g) A''^'^{X), and the previously defined Schouten-Nijenhuis bracket extends naturally to 
the completion T*^iy{X). 

6.2. The DG Lie algebra C* {CaLt^{A, B, K)). We consider again the d-dimensional fc-vector space X = fc'^; we 
further assume X to be endowed with an inner product (hence, we may safely assume here = R or fc = C). 
We consider two vector subspaccs U and V thereof, such that, w.r.t. the previously introduced inner product, the 
following decomposition holds true: 

(31) X = ([/ n F) © (i/-^ n F) © ([/ n v^) © (c/ + v)^. 

It follows immediately from 31 that 

u ^{ur\V)®iun v^), v = {u nv) ® {u^ n v). 

To X, U and V, we may associate three graded vector spaces, namely 

A = r{U, A(NC/)) = S([/*) ® A{X/U) = S{U*) ® A{U^ nV)(E) A{U + V)^, 
B = T{V, A(NF)) = S(F*) ® A{X/V) = S(F*) ® A{U n V^) ® A{U + V)-^, 
K = T{U r\V,A (TX/(T[/ + Ty))) = S((?7 n V)*) ® A{U + V)^, 

where TX, resp. NC/, denotes the tangent bundle of X, resp. the normal bundle of U in TX. 

We define a (cohomological) grading on A, B and K: on A and B, we define a grading analogously to the grading 
on rpoiy(X) as in Subsection 5.1. On the other hand, the (cohomological) grading on K is defined without shifting. 

Therefore, A and B, endowed with the trivial differential, both admit a (trivial) structure of Aoo-algebra. We now 
construct on if a non-trivial Aoo-^--B-bimodule structure. 

We consider a set of linear coordinates {xi\ on X, which are adapted to the orthogonal decomposition (31) in the 
following sense: there are two non-disjoint subsets 7^, i = 1,2, of [d], such that 

[d] = (/i n h) u (/i n r^) u (/f n h) u (/f n /|) , 

and such that {xi} is a set of linear coordinates on U f^V , U D V-^, H V^, [U + V)^ , if the index i belongs to 
/i n /2, hfMi, If n h and /f n respectively. 

To a general pair {n,m) of non-negative integers, we associate the set Gn.m of admissible graphs of type {n,m): 
a general element F thereof is a directed graph (i.e. every edge of T has an orientation), with n, resp. to, vertices 
of the first, resp. second, type. We denote by E(r) and V(r) the set of edges and vertices of an admissible graph F 
respectively. 

Remark 6.4. We observe that, a priori, the admissible graphs considered here admit multiple edges (i.e. between any 
two distinct vertices there may be more than one edge) and loops (i.e. edges connecting a vertex of the first type to 
itself): as we will see, multiple edges and loops do not arise in the construction of the y4.oo-A-i?-bimodule structure 
on K below, but arise in Section 7 in the construction of a formality morphism, see later on. 

We now consider any pair of non- negative integers {m,n), and to it we associate the compactificd configuration 
space C^„^2+n' have m-|- 1 -l-n ordered points on M, one of which, the m-\- 1-st point, plays a central role, whence 
the notation. E.g. using the action of G2 on C'(^^^]^^„, we may put it at x = 0. 

Accordingly, we consider the set C/o,,„+i+„ of admissible graphs of type (0, m -I- 1 -|- n): to any edge e = («, j) of 
a general admissible graph F, where the label i, resp. j, refers to the initial, resp. final, point of e, we associate a 
projection TTe : C^^,n+i+n ^cta ^ ^24 or tt^ : C^^ 

m+l.n ^ ^2,0 ^ ^1^1 ^ ^2,1- 

In order to define the projection TTe precisely, we need to identify Cq^ and C^q x Ci_i with certain boundary strata 
of codimension 2 of the I-cube C2.1: it is better to do this pictorially. 
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f 9 h i j 

Figure 4 - Boundary strata of the I-cube of codimension 2 needed to construct tTe 

Thus, for any edge e = of F, i, j = 1, . . . , m+l + n, we have the following possibilities: a) 1 < i < m + 1 < j < m, 
b) 1 < i < j < m, c) m + 1 < i < j < m + 1 + n, d) I < j < i < m, e) 1 < j < m + I < i < m + 1 + n, f) 
m+1 < j < i < m + l + n, g) m+1 = j < i, h) 1 < i < m+1 = j, i) m + 1 = i < j < m+l + n, j) 1 < j < m+1 = i. 
We observe that the labelling of the ten cases under inspection corresponds to the labelling of the boundary strata of 
codimension 2 listed above. It is then obvious how to define the projection tTe in all ten cases: we only observe that 
the vertex of the second type labelled i, resp. j, resp. m+ 1, corresponds via the projection tt,. to the vertex labelled 
by 1, resp. 2, resp. x in the above picture. 

This way, to every edge e of an admissible graph F in Go,m+i+n we may associate an element uj^ of r2^(C(J"^_|_j^_|_„)(g) 
End(Tpoiy(X)«5™+i+") via 

where now 

The degree of the operator is readily computed to be —1, because of the contraction operators. 

To a general admissible graph F in Go,m+i+m to to, resp. n, general elements of A, resp. bj of B, and k of K, 
we associate an clement of K by 

• • • \a„^\k\b,\■ ■ ■ |6„) = I / [] c.f (ai| • • • \a^\k\b^\ ■ ■ ■ |5„) 

y-^Co eeE(r) 

where : Tpoiy — > K is the fc-multi-linear map given by multiple products in Tpoiy(X), followed by 

restriction on K. Of course, we implicitly regard A, B and K as subalgebras of Tpo\y{X) w.r.t. the wedge product. 

First of all, we observe that the product over all edges of F does not depend on the ordering of the factors: namely, 
Lu^ is a smooth 1-form, but is also an endomorphism of rpoiy(X)®'"+^"''" of degree —1, because of the contraction. 
Furthermore, since uj^ is a smooth 1-form on the compactified configuration space C(^,„^]^_|_„, the integral exists. 

Finally, we define the Taylor component d^'" : A[l]®"' (g) K[l] ® K[l] via 

(32) d™^"(ai| • • • |a™|fc|6i| • • • |6„) ^ ^ {ai\ ■ ■ ■ \am\k\bi\ ■ ■ ■ |6„), a, e A, b, e B, k e K. 

Wc first observe that the map (32) has degree 1: namely, for a general admissible graph F of type (0, m + 1 + n), the 
operator C'r(ai| • ■ ■ |am|fc|^i| ■ • • \bn) docs not vanish, only if |E(F)| = m + n— 1, which is the dimension ol Cq^^i^^. 
Since to each edge is associated a contraction operator, which lowers degrees by 1, it follows immediately that d^'" 
has degree 1: of course, if wc omit the degree-shifting, the degree of dj"'" is equivalently 1 — to — n. 

For later purposes, we also observe that A, B and K factor into a product of a symmetric algebra and an exterior 
algebra, and we focus our attention to the symmetric part: assuming the arguments are all homogeneous w.r.t. 
the grading on the symmetric algebra, we now want to determine the corresponding grading of the map (32). For 
this purpose, we introduce the following notation: a general element a of ^ has degree deg(a) w.r.t. the symmet- 
ric part, and similarly for b in B and k in K. Again, for a general admissible graph F of type (0, to + 1 + n), 
Or(ai| ■ ■ ■ I a™ I ^1^1 1 ■ ■ ■ l^n) docs not vanish, only if F has exactly TO-f n — 1 edges, and, since to each edge is associated 
a derivative, it follows easily that the polynomial degree of Or(ai| ■ ■ ■ |am|fc|^i| ■ ■ ■ \bn) equals 

m n m n 

^deg(ai) 4- deg(fc) -f ^deg(6j) - (to. + n - 1) = ^deg(ai) -I- deg(A:) -|- ^deg(6j) -I- 1 - to - n. 

i—1 i — 1 i—1 i— 1 
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Lemma 5.4, Subsubsection 5.3.2, implies that the operator uj^ is non-trivial, only if the edge e is as in a) and e), 
in which cases we have 

TT*{uj+'^)(g}T'^^^^, e as in a) 
7r*(cj"-+) (g) T-^i''^^^ e as in e), 
hence a general admissible graph of type (0, m + 1 + rt) appearing in Formula (32) has the form 




Figure 5 - An admissible graph of type (0, 6) appearing in d^^' 



In view of Remark 6.4, we observe that admissible graphs with multiple edges yield trivial contributions: namely, if 
any two distinct vertices (both necessarily of the second type) arc connected by more than 1 edge, the corresponding 
integral weight vanishes, since it contains the square of a 1-form uj^'^ or lo^'^ . 

Proposition 6.5. For a field k of characteristic 0, containing R or C, we consider A, B and K as above. 

Then, the Taylor components (32) endow K with an Aaa-A-B-bimodule structure, where A and B are viewed as 
GAs with their natural product, hence, in particular, A and B have a (trivial) Aoo-algebra structure. 

If wc denote by dA, rcsp. ds and d^ the Aoo-structurcs on A, B and K respectively described in Proposition 6.5, 
then we may regard the formal sum 7 = d^ + d^ + dx as a MCE for the graded Lie algebra C'(Catoo(^, B, K)): 
thus, the triple ^C*(Catoo(^, B, i^)), [7, •],[•, •J^ defines a DG Lie algebra, where [•,•] denotes the Gerstenhaber 

bracket. In the case when dx has only finitely many non-trivial Taylor components^ one may instead consider the 
DG Lie algebra {C {Ca.t ^{ A, B,K)), [7,.], [•,•]). 

Proof of Proposition 6.5. The Taylor components (32) define an Aoo-^-B-bimodule structure, if the following iden- 
tities hold true: 
(33) 



(-l)-'d™ ^'"(flil • • • \aj-i\ajaj+i\a.j+2\ ■ ■ ■ |a,„|fc|6i| • • • |6„)-f 
E(-l)™+^'+'d^'""'(«i| • • • • • • • • • \hn)+ 



ra n 

.■)Er.7 l'^'.-td^-^^"--'"(ai| . . . \ara-^\d'ii{ara-^+i\- ■ ■ \am\kM ■ ■ ■ \h)\h,+i\- ■ ■ |6„) = 0. 

i=0 i=0 

The proof of Identity (33) is based on Stokes' Theorem in the same spirit of the proof of the main result of [14]: 
namely, the quadratic relations in (33) are equivalent to quadratic relations between the corresponding integral 
weights, recalling (32). 

For this purpose, we consider 

(34) V / dap(6i|---|6™|fc|ai|---|a„) = V V / 0^(61! ••• |6™|fc|ai| ••• |a„) = 0, 



where the first summation in the second expression in (34) is over boundary strata of Cq^j^^j^^ of codimension 1, 
and 



Ve6V(r) 



Mm+l+n {^^f{ai\ ■ ■ ■ \a,n\k\hi\ ■ ■ ■ |&„)^ 



■^For example, this happens when X = U (B V . 
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which is viewed as a smooth K-vsdued form on C(J"„j_|_i_|_„ of form degree equal to E(f). We observe that, by 
construction, a contribution indexed by a graph T in Go.m+i+n is non-trivial, only if E(r) = m + n — 2. 

Boundary strata of C,^„j_|_]^^„ of codimcnsion 1 are all of type (16), Subsection 4.1, with no points in H: furthermore, 
we distinguish three cases 

m+i+n — ^0,3 ^ Co,[m+i+n]-^{B}u{*}, whcrc B IS an ordered subset of [to] of consecutive elements; 
^O.-B^^cTm+i+n — ^OB ^ Co_[„i+n-„] ^ {s}u{*} , where B is an ordered subset of {to + 1, ... ,71} of consecutive 
elements; 

Hi) 90,bC(}'^_|_j^_|_„ = CjJ"^ X Coj„i+i+„]^{s}u{*}j where B is an ordered subset of [m + 1 + n] of consecutive 
elements, containing to + 1. 

We begin by considering a general boundary stratum of type i): it corresponds to the situation, where \B\ consecutive 
points on R, labelled by B, collapse to a single point on M, which lies on the left of the special point labelled by 
m + 1 . 

Recalling Lemma 5.1, Subsection 5.2, (18), and Lemma 5.4, m), Subsubsection 5.3.2, we get 
(35) J ..-^ = (-1)^(I^I+iHi < 

where Tb, resp. , is the subgraph of F, whose edges have both cndpoints belonging to B, rcsp. the graph obtained 
from F by collapsing Tb to a single vertex; j is the minimum of B. 

The operator-valued form ujp^ will be defined precisely later on, since, as we will soon see, we will not actually need 
its form for the present computations. We recall namely the general form of an element of Go^m+i+n- hi particular, 
since all vertices labelled by B lie on the left of the vertex labelled by to -I- 1, the degree of the form uj^ equals 0, 
since the graph F^ does not contain any edge, whence, by dimensional reasons, its weight does not vanish only if 
\B\ = 2, i.e. B = {j,j + 1}, for I < j < m ~~ 1, and equals to 1. As a consequence, F^ is an admissible graph in 

Go,m+n- 

We do not get any further sign other than the sign in Identity (35) coming from the orientation, when moving a 
copy of the standard multiplication on Tpoiy(X) to act on the factors Oj, Oj+i, since the standard multiplication has 
degree 0. Therefore, the sum in Identity (34) over boundary strata of codimension 1 of type i) gives exactly the first 
term on the left-hand side of Identity (33). 

Second, we consider a general boundary stratum of codimension 1 of type ii): it describes the situation, where \B\ 
consecutive points on M, labelled by B, collapse to a single point of R, which lies on the right of the special point 
labelled by m + 1. 

Once again, we recall the orientation formulas (18) from Lemma 5.1, Subsection 5.2, to find a factorization as (35). 
We may now repeat almost verbatim the arguments in the analysis of the previous case: namely, \B\ = 2, and the 
minimum j of B satisfies, by assumption, m + 1 < j, which we also re-write, by abuse of notation, as to + 1 + j, for 
1 ^ J ^ ~ 1- Thus, the sum in Identity (34) over boundary strata of codimension 1 of type ii) produces the second 
term on the left-hand side of Identity (33). 

It remains to discuss boundary strata of type Hi): in this case, the situation describes the collapse of consecutive 
points on R, labelled by B, among which is the special point labelled by m -1- 1, to a single point on R, which will 
become the new special point. 

Recalling the orientation formula (18) from Lemma 5.1, Subsection 5.2, we find a factorization of the type (35). 

First of all, we observe that, in this case, the subgraph F^ is disjoint from F \ F^: this follows immediately from 
Lemma 5.4, Subsubsection 5.3.2, (24) and (25), and from the discussion on the shape of admissible graphs appearing 
in Formula (32) (in other words, there are no edges connecting F^ with its complement F^ \ F^). In particular, F 
factors out as F = F^ LI F-^, and F^ and F-^ are both admissible. We also observe that, in general, \B\ > 2 in this 
case: namely, F^ can be non-empty. 

The orientation sign is j(|i?| -I- 1) -I- 1, where j is the minimum of B: since 1 < j < m, we may rewrite it as 
TO — i + 1, for i ~ 1, . . . ,TO. The maximum of B is bigger or equal than to -I- 1, hence we may write it as j, for 
^ J ^ '^j shifting w.r.t. to -|- 1. 

Plus, we get an additional sign (1 — i — j) (^Y^'^^i Wk\j , when moving ui^^ through a^, k ~ 1, . . . , to — i. 

Finally, the fact that Tb and F^ are disjoint implies that we may safely restrict the product of the S-factors in 
Jg+ Wp^(am-i+i| • • • • • • \bj) to since no derivative acts on it and departs from it. As a consequence, the 

sum in Identity (34) over boundary strata of codimension 1 of type Hi) yields the third term on the left-hand side of 
Identity (33). 
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(We now observe that the signs coming from orientations in the previous calculations agree with the signs in 
Identity (33) up to an overall — 1-sign, which is of no influence.) □ 

Remark 6.6. Observe that d-K rnay have infinitely many non-trivial Taylor components. In this case we have to deal 
with the completed Hochschild cochain complex C'(Catoo(^, B, K)) if we want [dif, •] to be well-defined. Neverthe- 
less, this will not be sufficient to make our main Theorem 7.2 work in this context. To do so we will have to consider 
the completed Hochschild complex G'{Ca.t.ao{A, B, K)) associated to completed (or formal) versions of A, B and K: 

A = S(;7*) ® A{X/U) = S{U*) ® A(C/^ nV)(E} A{U + v)-^, 

B = s(y*) ® A{x/v) = s{v*) ® A{u n v-^) a{u + v)-^, 

K = §(([/ n Vy) (g) A{U -f V)^, 



7. Formality for the Hochschild cochain complex of an Aoo-category 
In this Section we may assume that d-K has finitely many non-trivial taylor components. 

We consider the ^oo-algebras A, B and the Aoo-A-B-himodu\c K from Subsection 6.2, to which we associate the 
^oo-category Catoo(^, -B, K), and the corresponding Hochschild cochain complex C*(Catoo(^, B, K)): in particular, 
we are interested in the DG Lie algebra-structure on (C*(Catoo(j4, _B, A')), [•,•]), where ^ denotes the A^o-A- 

i?-bimodule structure on Catoo(A, B, K). 

We construct an Loo-quasi-isomorphism U from the DG Lie algebra (Tpoiy(X),0, [•,•]) to the DG Lie algebra 
(C*(Catoo(^, B, K)), [Ai, •], [•, •])• The proof of the main result is divided into two parts: first, we construct explicitly 
U, and we prove, by means of Stokes' Theorem, that U is an ioo-morphism, and second, we will prove that U is & 
quasi-isomorphism. The proof of the second statement is a consequence of Keller's condition. 

In the general situation (when dx may not have finitely many non-trivial Taylor components), the construction 
below produces an Loo-quasi-isomorphism U from the DG Lie algebra (Tpoiy(^), 0, [•, •]) to the DG Lie algebra 
^C*(Catoo(^, B, K)), [fi, •], [•, u]j . The only substantial modification in the proof is in the Koszul duality argument, 
that we will make explicit in both situations. 

7.1. The explicit construction. We now produce an explicit formula for the Loo-quasi-isomorphism U: first of 
all, by the results of Section 6, to construct an Loo-morphism from rpoiy(X) to C {Ca.toc{A, B , K)) is equivalent to 
constructing three distinct maps Ua, Ub and Uk^ where 

Ua ■■ TpoiyiX) ^ C'{A,A), Ub ■■ Tpoiy(X) ^ C'{B,B), 
Uk ■■Tp,iy{X)^C'{A,B,K). 

We fix an orthogonal decomposition (31) of X as in Subsection 5.2, and an adapted coordinate system {xi}, in the 
sense of Subsection 5.2; we also recaU from Subsubsections 5.3.1 and 5.3.2 the 2-colored and the 4-colored propagators. 

To a pair of non- negative integers (n, m), we associate the set Gn,m of admissible graphs of type (n, m); further, 
we may write (n, m) = (n^p + 1 + q), if m > 1, for some non- negative integers p, q. 

To an admissible graph F in G„^rn and general elements ji of Tpoiy(X), i — 1, . . . ,n, general elements aj of A, 
J = 1, . . . , TO, we associate an element of A by the assignment 

(36) 0|^(7i|---|7n|«i|---|am)=A^f+™ c^^(7i| ' ' ' l7n|ai| • • • |a™) j , 

where fJ,n+m the multiplication operator from Tpoiy(X)®"'''™ to Tpoiy(X), followed by restriction to A, viewed (in a 
non-canonical way) as a sub-algebra of Tpoiy{X). Further, the il'^''"'! (C,'|"„J-valued endomorphism of rpoiy(X)'^""'"™ 
is defined as 

(37) u;^= U u^t = ® (ri^^^^ + ri^"'^^) + <(-") ® (rf^^"'^ + ri^'''^) , 

eGE(r) 

TTe being the natural projection from C^„j onto €2,0 or its boundary strata of codimension 1 (in fact, uj^ and a;~ 
vanish on all strata of codimension 2 of C2,o, thanks to Lemma 5.2, Subsubsection 5.3.1), and the operator r/, for 
/ C [d\, has been defined in Subsection 5.2. 

Once again, we observe that the product (37) is well-defined, since the 2-colored propagators are 1-forms, while 
Tg is an endomorphism of Tpoiy{X)^"'~^™ of degree —1. Further, since the dimension of C,^,„ is 2n + 771 — 2, the 
element (36) is non-trivial, precisely when |E(r)| = 2n -t- to — 2. 
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We then set 

(38) Z^5(7i|---|7n)(ai|-.-M = (-l)(^"-l^-l-^>" ^ 0^(7i| ' ' ' l7«|ai| • • • |a™). 

ree„,,„ 

Similar formulae, with due changes, specify the Taylor components U^, n > 1: we only observe that 

for an edge e of a general admissible graph F as above. 

Finally, we define the Taylor components via 
(39) 

Z^;^(7i| • • • l7„)(ai| • • • K\k\h\- ■ ■ \b,) = (-1)(^?- l7.|-i)(P+?+i) ^ o^{j,\- ■ ■ |7„|ai| • • • K\k\b,\ ■ ■ ■ \b,). 

We want to point out now. before entering into the details, that i) Formula (38) contains admissible graphs 
with multiple edges and no loops (i.e. whenever an admissible graph contains at least 1 loop, the corresponding 
contribution to Formula (38) is set ot be 0), and that ii) Formula (39) contains admissible graphs with multiple edges 
and (possibly) loops. 

Since in the usual constructions in Deformation Quantization multiple edges and loops are not present, we need 
to discuss how to deal with both of them separately. 

If F is admissible and contains multiple edges, we consider a pair of distinct vertices of the first type of F, 
such that the cardinality of the set = {e G E(F) : e = («, j)} is bigger than 1. Then, to we associate the 

smooth, operator-valued |E(j |-form given by 

^(^-) - W^. J^l^ - (!%,)!)! ' - Wi-^. ^U.^^ " (!%,)!)! 

(when replacing ^ by -B, obvious due changes have to be performed). 

In particular, by abuse of notation, we denote by uj^, resp. uj^ , the normalized operator- valued form associated 
to a (multiple) edge e of F in Formula (38), resp. (39): of course, if the edge e appears only once in F, then ujf, resp. 
(jj^ , coincides with the standard expression, otherwise, it is given by the previous formula. 

We now recall from Subsubsection 5.3.2 the closed 1-form p on Ci.i. The vertex vi of the first type, corresponding 
to a loop £ of F, specifies a natural projection tt^^ : C^^p+i+q Ci^i, which extends to the corresponding compactified 
configuration spaces the projection onto the vertex Vi and the special vertex p + 1. Further, we consider also the 
restricted divergence operator 

^.^(/,n/.)u(/fn/,^) ^ ^ ^^^^Q^^ 

fee(/in/2)u(/j'^n/|) 

on rpoiy(X); by divj^j'^'^"^''''^'^^"', for 1 < r < 7i, we denote the endomorphism of Tpoiy(X)®("+P+i+9) of degree -1 
given by 

j.^(/in/2)U(/fn/J) ^ ]_«.(r-l) ^ j-y(/in/2)U(/[n/|) ^ -|_(n-r+p+l+g)_ 

Finally, for a loop £ of F, we set 

(40) a;£ = 7r„^(p)®div^^^,) -' : 

it is clear that pi is a closed 1-form on C^p_,_2_|_q with values in End(Tpoiy (X)'^("+p+^+''') of degree —1, whence uji 
has total degree —1. 

Remark 7.1. We observe that loops are trivial, when U ®V = X , because the restricted divergence operator vanishes 
by construction. 

We want to examine in some detail the admissible graphs and their colorings yielding (possibly) non-trivial 
contributions to Formulae (38) and (39). 

We begin with Formula (38): in this case, we recall Lemma 5.2, Subsubsection 5.3.1, ii), which implies that the 
2-colored propagator w"*", resp. w", vanishes on the boundary stratum /3, resp. 7. This, in turn, implies that edges 
of an admissible graph F of type (n,m), whose initial, resp. final, point lies in R, are colored by propagators of 
type uj~ , resp. w+: according to the definition of ujf, for e an edge of F, since to vertices of the second type are 
associated to elements of A, this is coherent with the fact that such elements may be differentiated only w.r.t. to 
coordinates {x^}, for i in (/i n I2) LI (Ji n I2), and can be contracted only w.r.t. differentials of coordinates {xj}, for 
i in m n /a) U (/f n /|). Pictorially, 
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1 



Figure 6 - A general admissible graph of type (4,4) appearing in IAa 



Similar arguments hold, when replacing ^ by _B. 

We now consider Formula (39), in particular, an admissible graph F of type (n,|j + 1 + g). 

The point A: + 1 on M plays a very special role in subsequent computations: in fact, it corresponds, w.r.t. the 
natural projections from C^j,^;^^; onto C2,i, to the single point on M in C2,i. 

First of all, we recall Lemma 5.4, Subsubsection 5.3.2, in): as a consequence, if e is an edge, whose initial, resp. 
final, point is p + 1, then e is colored by the propagator w"'", resp. 0;+'+, and according to the definition of uj^ , this 
is coherent with the fact that an element k of K can be only differentiated w.r.t. coordinates {xi}, i in Ii D I2, and 
can be contracted only w.r.t. differentials of coordinates {xi}, for i in /f n /j. 

As a consequence of the very same arguments of Subsection 5.2, F cannot contain any edge e, which joins two 
vertices of the second type, both lying either on the left-hand side of p + 1 or on the right-hand side of 1; similarly, 
there is no edge joining p -f- 1 to any other vertex of the second type. 

It is also clear that, if F possesses a vertex of the first type with more than 1 loop attached to it, then the 
corresponding contribution to Formula (39) vanishes, since it contains the square of the 1-form p on Ci^i. 

Finally, we observe that, if F has more than 4 multiple edges between the same two distinct vertices (obviously of 
the first type), the corresponding contribution to Formula (39) is trivial: namely, since to any edge is associated a 
sum of 4 distinct 1-forms, any power of at least 5 identical operator-valued forms contains at least a square of 1 of 
the 4-colored propagators. 



Of course, once again, we recall that loops do not appear in the special case U ®V = X . 
7.2. The main result. We now state and prove the main result of the paper, namely 

Theorem 7.2. We consider X ~ k'^ , and we denote collectively hy fi the A^^- structure on the category Catoo{A, B, K), 
defined as in Subsection 6.2. 

The morphisms W^, Ug and hi^^, n > 1, are the Taylor components of an Lrx,-quasi-isomorphism 



Pictorially, 



ai a2 k h2 

Figure 7 - A general admissible graph of type (4, 4) appearing in IAk 





For the sake of simplicity, we set U"' — Ug + + U\. 
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The conditions for lA to be an Loo-morphism translate into the semi-infinite family of relations 
[M,W"(7i|---|7n)] + J E e,{I,J)Q'^{U\'\^j)M^'\{^j)) = 



2 

/U,/={l,...,n},/,J5^0 

(42) = i E (T^(fc, 1, fc, , n)W""^((52(7fc>7i); 7i: • ■ • , Tfc, • ■ • , 7;, ■ • ■ , 7n)- 

We denote by 77 the element (7^^ , . . . , 7^^) e C+'^l (rpo/y(W^)[l]), for every index set / = {zi, . . . , i/} C {1, . . . , n} of 
cardinality |/|. The same notation holds for 7j. 

The infinite set of identities (42) consists of three different infinite sets of identities, corresponding to the three 
projections of (42) onto A, B and K . It is easy to verify that the projections onto A or i? of (42) define infinite sets 
of identities, which correspond to the identities satisfied by Loo-morphisms from T-po\y{X) to C'{A,A) or C'{B,B), 
which have been proved in [6] (in a slightly different form). 

Thus, it remains to prove Identity (42) for the if-component. 

First of all, we observe that 

[m,Z^"(7i| • • • hn)] = M-Z^"(7i| • • • l7n) - (-1)^"- l^'l+2-"Zi"(7i| . • • |7„) . ^. 

By setting U'^ = /i, and recalling the higher compositions • from Subsection 3.1, the product • on Tpoiy(X), and by 
finally projecting down onto K Identity (42), we find 

6,(/,J)(z^],^l(7/).4''(7j)+Z^i''(7/)-Z^],^'(77)+Z^],''(7/)-4^'(7j)) = 

(43) 

= Y(Jj{k,l,l,...,k,...,i,...,n)U^ ^(7fc»7z,7i,...,7^, ...,7,,...,7„). 

The proof of Identity (43) relies on Stokes' Theorem: namely, for any two non-negative integers p, q, we consider 
the Identity for elements of Hom(rpoiy(X)®("+P+i+«) , ii'), 

,44) E / d<5f^i: E / <5f^o. 

where the first summation in the second expression in (44) is over boundary strata of p^i^q of codimcnsion 1, and 

eev(r) 

regarded as a smooth i^- valued form on p_^_i_^_ij of form degree equal to |E(F)|. Then, by construction, a contribution 
indexed by a graph F in Qn^p+i+q is non-trivial, only if |E(F)| = 2n + p + q — 2. 

Boundary strata of C^p_^_i_^_g of codimension 1 are either of type (16) or (17), Subsection 5.1: 

i) S^C+p+i+g = Ca X C[+]^^Lj{*}.p+i+<;' '^here ^ is a subset of [n] with \A\ > 2; 
Ml) 9ai,BiC+p+i+^ 5^ '^M.Bi X <^[t]-.Ai,b+i+9]xSiu{»}' ^^^^'^ ^1 is a subset of [n] with |^i| > 1 and Bi is an 

ordered subset of [p] of consecutive elements with |i?i| > 1; 
M2) 5ai,BiC+p+i+^ ^ '^M,Bi X <^MvAi,[p-n-h9]^BiU{*}' ^l^ere Ai is a subset of [12] with \Ai\ > 1 and Bi is an 

ordered subset of {p + 2, . . . ,p + g + 1} of consecutive elements with \Bi \ > 1; 
M3) 5ai,BiC+p+i+^ ^ CA^.B^ >< ^[a]-^A,,\p+i+q]^B,u{*}^ ^^^i^re Ai is a subsct of [n] with l^il > 1 and Bi is an 
ordered subset of [p -I- 1 -I- g] of consecutive elements with > 1 and containing p+1. 
We begin by considering a general boundary stratum of type i): it corresponds to the situation, where points in H, 
labelled by A, collapse to a single point again in H. 

For a boundary stratum as in z), we need Lemma 5.4, Subsubsection 5.3.2, i), to find the following factorization, for 
a general admissible graph F of type {n,p+l + q) as in Identity (44), recalling the orientations (19) from Lemma 5.1, 
Subsection 5.2: 



(45) / 4 = -([ 



4-^ 



where F^, resp. F , is the subgraph of F, whose edges have both endpoints in A, resp. F is the graph obtained by 
collapsing the subgraph F^ to a point. 
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We now focus on the first factor on tlie riglit-liand side of Identity (45). 

Recalling Lemma 5.4, i), from Subsubsection 5.3.2, the restriction to Ca of oj^ , for e a edge of the subgraph Ta 
(not counted with multiplicities, in the case of a multiple edge), may be re- written as 



' = (^e (d<p) - T^VA iP)) <^n^ + 7r„^ (p) ® Te' 



\Ca 

where tt^ is the (smooth extension to compactificd configuration spaces of the) natural projection from Ca onto C2, and 
TTy^ is the (smooth extension to compactificd configuration spaces of the) natural projection from p+i+q 
onto Ci^i, and va denotes the vertex corresponding to the collapse of the subgraph Ta- Of course, when U (BV ~ X , 
the second term in the rightmost expression vanishes, see also Remark 7.1. 
Therefore, we may re- write 



(46) / = / n (^e+pvA,e) n 



Ca 



eeE(r.4) i loop of Fa 

where, of course, the contributions to multiple edges are normalized as above. 

We now first observe that the form-part of any loop contribution and of any operator- valued form Pu^.e is simply 
p evaluated at the vertex corresponding to the collapse: hence, there can be at most 1 such contribution, and in 
particular, if Ta contains more than 1 loop, the corresponding boundary contribution vanishes. 

We first consider Ta to be loop-free: because of the previous argument, wc may re-write the right-hand side of (46) 

as 



.K 



, n E [i n 



The two integral contributions on the right-hand side vanish, if |j4| > 3, cither because of dimensional reasons or 
in virtue of Kontsevich's Lemma: therefore, wc need only consider the case |^| = 2. The integral contributions are 
non-trivial in this case, only if the degree of the integrand equals 1, which happens only F^i has at most 2 edges: 
graphically, we find the contributions 



I J ^\--^J ^^^^J ^"^^J 

Figure 8 - The four possible loop-free subgraphs F^i yielding non-trivial boundary contributions of type i) 
The contribution from the first graph, in view of the previous expression, is given by 



C2 \Js 



d^^ ®t[^1 =ri'^]. 



as the integral over C2 = of the second term in uj^ is basic w.r.t. the fiber integration. 

Taking into account the fact that the second graph has 2 multiple edges and recalling thus the normalization factor 
2, its contribution equals 



Ci 



where e = («, j). The very same computations yield for the fourth graph 



C2 



e = (j, i) in this case. 

Finally, the third graph yields the contribution 



C2 



where d = £2 = 

Now, we assume the subgraph F^ to have exactly one loop: in this case, the right-hand side of (46) can be 
re-written as 



Ca 



y'^^ eeE(rA) J 
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because the 1-form associated to the loop is basic w.r.t. the projection onto Ca- Again, dimensional reasons or 
Kontsevich's Lemma imply that the above contribution is non-trivial, only if \A\ = 2: in this case, the subgraph Ta 
yields non-trivial contributions, only if it is as in the picture 



I J 13 ^ 3 ^3 

Figure 9 - The four possible subgraphs T a with one loop yielding non-trivial boundary contributions of type i) 

We write down explicitly only the contribution coming from the first graph 

<=<.(p)«div|^:^^^^)^(^^^^^%i'^i, 

where e = («, j), and, by the very construction of w^, vi = va- 

We now recall the sign conventions previously discussed, which imply that sign issues can be dealt in this framework 
exactly as in the proof of Theorem A. 7, [6]. We only observe that i) the endomorphism Tf \ which appears in all 
contributions, leads to the Schouten-Nijenhuis bracket between the poly-vector fields associated to the two distinct 
vertices of F^, and that ii) the contributions involving the restricted divergence and the endomorphism ^-^^I'^'^^^^^^i'^^^) 
sum up, by Leibniz's rule, to the restricted divergence applied to the Schouten-Nijenhuis bracket between the 
aforementioned poly-vector fields. 

Thus, the sum in (44) involving boundary strata of type i) contribute to the right-hand side of Identity (43) in all 
cases. 

We then consider boundary strata of type iii): such strata describe the collapse of points in H labelled by Ai and 
of consecutive points on M labelled by Bi , where the maximum of Bi lies on the left-hand side of the special point 
labelled by p 4- 1, to a single point in R (the point resulting from the collapse lies obviously on the left-hand side of 
p \), graphically 

C[„]^,4i,[p+l+,]xC,u{*} 



Figure 10 - A general configuration of points in a boundary stratum of p^i^q of type iii) 

We recall, in particular. Lemma 5.4, Subsubsection 5.3.2, ii), for the restriction of the 4-colored propagators on the 
boundary stratum j3 of C2.1, and the orientations 18 from Lemma 5.1, Subsection 5.2: hence, we get the factorization 



(47) / ^ = (_l)J(|Bi|+i)+i 




\'^[Ti]^Ai,[p+l+gl---BiU{.} / 



where Tai,Bi, resp. p-^i-^i^ denotes the subgraph of F, whose edges have both endpoints labelled by AiU Bi, resp. 
the graph obtained by collapsing Ta,b to a single point. 

We observe first that Tai.Bi cannot have edges connecting vertices labelled by Ai U Bi to vertices on M, not 
labelled by Ai U Si, which lie on the left of the vertex labelled by p, because of Lemma 5.4, Subsubsection 5.3.2, iv). 
It thus follows that rAi,Bn as well as Y^^'^^, is an admissible graph. 

Second, we notice that, if F^^^^j has at least one loop, the corresponding contribution vanishes, because the 1-form 
p vanishes on the boundary strata of codimension 1 of Ci.i. 

Once again, the sign conventions for the higher compositions • we have previously elucidated, see Subsection 3.1, 
imply that all signs arising in this situation are the same signs, with due modifications, owing to the different 
algebraic setting, appearing in the proof of Theorem A. 7, [6]: due to the appearance of operators of the form cjps ^ 

in Identity (47), it follows that the sum in (44) over all boundary strata of type iii) yields the first term on the 
left-hand side of Identity (43). 
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Now, we consider boundary strata of type M2): in this case, such a boundary stratum describes the collapse of 
points in H, labelled by Ai, and of consecutive points on M, labelled by Bi, where the minimum of Bi lies on the 
right-hand side of p + 1 , to a single point on R (clearly, the point resulting from the collapse lies on the right-hand 
side of p -|- 1). 

C|„]x/l,.[p+l+r;]xBiU{*} 



p+1 

Figure 11 - A general configuration of points in a boundary stratum of C^^p+i+g of type M2) 

In this situation, we recall Lemma 5.4, Subsubscction 5.3.2, ii), when dealing with the restriction of the 4-colorcd 
propagators on the boundary stratum 7 of C2.1, and, once again, the orientations 18 from Lemma 5.1, Subsection 5.2, 
whence comes the factorization 

/ \ 



(48) 



4 



(-1) 




/ 



OJ- 



K 



-[n]^Ai,[p+l + g]v.BlU{.} 



with the same notation as in Identity (48). 

Once again, because of Lemma 5.4, Subsubsection 5.3.2, iw), the subgraph V Ai,Bi cannot have edges connecting 
vertices of T Ax,Bx to vertices on R on the right of p, hence T Ax,Bi and r^^'^i are both admissible graphs. 

As already noticed for boundary strata of type Hi), if the subgraph T Ai,Bx contains at least one loop, the corre- 
sponding contribution vanishes, by the very same arguments as above. 

Needless to repeat, the sign conventions for the corresponding higher compositions • from Subsection 3.1 imply 
that all signs arising in this situation tantamount to the signs (with obvious due modifications) from the proof of 
Theorem A. 7, [6]: because of the presence of the form Wp/i ^ in Identity (47), the sum in (44) over all boundary 

strata of type M2) yields the third term on the left-hand side of Identity (43). 

Finally, we consider boundary strata of type M3): a stratum of this type describes the collapse of points in H, 
labelled by Ai, and of points on M, labelled by Bi (which, this time, contains the special point p 4- 1), to a single 
point in M, which becomes the new special point. 



C[„]-s,^,[p+l+,]^BiU{.} 



P + 1 



Figure 12- A general configuration of points in a boundary stratum of C^p+i+g of type M3) 



We make use of Lemma 5.4, Subsubsection 5.3.2, Hi), for the restriction of the 4-colorcd propagators on the boundary 
strata 8 and e of C2 1, and of the orientations 18 from Lemma 5.1, Subsection 5.2 to come to the factorization 



(49) 



K 



K 



I 



\ 



,K 



\'-[Ti]^Al,[p+l+gl---BiU{.} 



where we have used the same notation as in (47) and (49). 

We observe that, in this case, F^j^ cannot have, once again, edges connecting vertices of F^j^ to vertices on 
R, because of Lemma 5.4, Subsubsection 5.3.2, iv); further, the only incoming, resp. outgoing, edges of F^^ are 
labelled by propagators of the form w"'"'"'', resp. because of Lemma 5.4, Subsubscction 5.3.2, Hi). In particular, 

^Ai.Bn as well as r^^'^^, is an admissible graph. 
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Thanks to the previously discussed sign conventions for the higher compositions • in see Subsection 3.1, aU signs 
arising in this situation are the same appearing in the proof of Theorem A. 7, [6]: because of operators of the form 
Wp/f ^ in Identity (47), the sum in (44) over all boundary strata of type iii) yields the second term on the left-hand 

side of Identity (43). □ 

7.3. The Loo-morphism U is an Loo-quasi-isomorphism: the Hochschild Kostant Rosenberg quasi- 
isomorphism for Ca.too{A, B, K). So far, we have only proved that the morphism constructed in Subsection 7.1 is 
an Loo-morphism: it remains to prove that U is in fact an Loo-quasi-isomorphism: equivalently, we have to prove 
that its first Taylor component Ui is a quasi-isomorphism. 

We observe now that the Loo-morphism U fits into the following commutative diagram of ioo-algcbras: 

(50) {C {A, A), [dA, •],[;•]) 




The relative Formality Theorem of [6] implies that U\ and Ug are Loo-quasi-isomorphisms. Hence, if we can prove 
that the projections p^ and ps are quasi-isomorphisms (in particular, Loo-quasi-isomorphisms), the invcrtibility 
property of Loo-quasi-isomorphisms would imply that also U is a. quasi-isomorphism. 

By Theorem 4.12, Subsection 4.3, it suffices to prove that the left derived action La and the right derived action 
Rs are quasi-isomorphisms. 

We will prove that the left derived action Lia is a quasi-isomorphism; the proof for Kb follows by the same 
arguments (with due modifications). 

7.3.1. S(F*) as a (relative) quadratic algebra. We consider, more generally, a finite-dimensional graded fc-vector space 
Y with a fixed direct sum decomposition Y — Xi (B X2 into (finite-dimensional) graded subspaces Xi , X2 ■ 

We further consider the symmetric algebra S(y*): owing to the decomposition Y = Xi Q) X2; S{Y*) = S(XJ') ® 
S(X2), whence S{Y*) has a structure of left S(Xj*)-module. Conversely, S(Xj*) has a structure of left S(y*)-modulc, 
w.r.t. the natural projection from S(y*) onto S(Xj*). 

We now set, for the sake of simplicity, ^0 = S(Xj*) and Ai ~ S(X]^) ® X|: Ai is a free ^o-module in a natural 
way. We further have the obvious identification T^^^i = S(X^) (8)T(X2), where Tao{Ai) denotes the tensor algebra 
over ^0 of Ai, and similarly for the tensor algebra T(X|) over C. Further, we consider 

R^^l®vl®v*2 - (-l)l'"ill^2li0i;* : £ X*, i = 1,2} C S(X*)® (X*)®2 = Ai ®AoAi, 

and, by abuse of notation, we denote by R also the two-sided ideal in "TAa{Ai) spanned by R. 
It is then quite easy to verify that 

TaMi)/R = s(^r) ® s(x*) = s(y*), 

whence it follows that A = S(y*) is a quadratic Ao-algebra. 

The algebra A , the quadratic dual of A, can be also computed explicitly: since A = T Aa{A\) / R-^ , where A\ is 
the dual (over Aq) of Ai and R^ is the (two-sided ideal in Tao{A)1) generated by the) annihilator of R in A( ®Ao ^1 j 
and since Y is finite-dimensional, we have 

X- = S(X*) ® k{X2) = S(X*) ® S(X2[-1]) ^ S(X* ® X2[-l]), 

where the exterior algebra A(X2) of X2 is defined by mimicking the standard definition in the category Modfe, and 
where the second isomorphism is explicitly defined by the so-called decalage isomorphism. 

Finally, by means of A and A-, we may compute the Koszul complex of A: since K„(A) = A ®)Ao (^n)^i where 
again (A„)^ denotes the dual over Aq of A„, we obtain 

K'{A) = S{Y*)® S{X;[1]) = S{Y* © x;[i]), 

with the natural formula for the Koszul differential. 

We can repeat the very same construction with completed tensor and symmetric algebras'^, yielding A = S{Y*), 
A- = %{Xl ® Xahl]), and the completed Koszul complex K*[A) = S{Y* ® X^[l]). 



'The completion eonsidered here is the I-adic completion, where X is the ideal generated by degree generators. 
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7.3.2. The Koszul complex of S(y*). We now inspect more carefully the Koszul complex K*(A) (viewed as a coho- 
mological complex) of the algebra A = S{Y*). 

First of all, we discuss the gradings of K*{A). The shift by 1 of the grading of X2 induces the cohomological 
grading, which is concentrated in Z<o. Alternatively, we may view (the graded vector space of the complex) K'{A) 
as the (graded vector space of the) relative de Rham complex of Y w.r.t. X2, and the cohomological grading is the 
opposite of the natural grading of the relative de Rham complex as a complex. 

Then, K^"(A), for n > 0, is naturally an object of GrMod^,, and the corresponding grading is called total grading: 
furthermore, the total grading can be written as the sum of the cohomological grading and the internal grading. 

Exemplarily, K*{A) is generated by Xi, yj, 9k, where 9^ denotes a basis of ^^[l] associated to a basis yj of 
by, definition, \9j\ = \yj \ — 1. Thus, a general element Xi^ ■ ■ ■ Xi^yj^ ■ ■ ■ yjg9ki ■ ■ ■ 9k^ of K*{A) has total, resp. 
cohomological, resp. internal, degree 

pgr pgr 
s — l t—1 u—1 s—1 t — 1 u—l 

The Koszul differential d is defined w.r.t. the previous basis as d = yjdoj, where de- denotes the derivation w.r.t. 9j 
acting from the left with total degree 1, cohomological degree 1 and internal degree 0. 

The Koszul complex K*(^) is endowed with a distinct differential ddR = 9jdy-, where the differential dy- acts 
from the left, with total degree —1, cohomological degree —1 and internal degree 0. 

The operator Lrci = [ddR,d], [ , ] being the commutator in End(K*(j4)) w.r.t. internal degree, has total degree 
0, cohomological degree and internal degree 0: Lj-ci is expressed on generators via Li.oi(a;i) = 0, Li-oi(j/j) = yj and 
Lrei(%) = ^ji Eind is extended on general elements w.r.t. the Leibniz rule. 

The homotopy formula Lroi = [ddR,d] implies by a direct computation that the Koszul complex of the quadratic 
algebra A = S(y*) is a resolution of Aq = S{Xl) as a left module over A, therefore A and A' = S{Xl © X2[-l]) are 
quadratic Koszul algebras over Aq. 

The very same homotopy formula holds for the completed Koszul complex K* (A) , which is therefore a resolution 
of Ao = S(X*) as a left A- module. 

7.3.3. Relative Koszul duality. We consider the category ^f,Mod, for Aq and A as before, of graded left Ag-modules, 
with spaces of morphisms specified via Hom^Q_(F, W) = 0„gz HomJ^_(F, W), n referring to the degree: from the 
arguments of Subsubsections 7.3.1 and 7.3.2, we know that ^ is a Koszul quadratic algebra, which is additionally 
commutative (in the graded sense). We also recall that A is bigraded w.r.t. the Koszul grading and w.r.t. the internal 
grading; similarly, the Koszul resolution K*{A) is bigraded w.r.t. the Koszul grading and internal grading. The 
Koszul differential is compatible with the internal grading (i.e. it has internal degree 0). 

On the other hand, Aq, A and K~"(A) are all objects of the category Mod^ w.r.t. the internal grading: since the 
Koszul differential has degree 0, it makes sense to define 

(51) Ext'X_{AQ,Ao)= Ext^J:^\AQ,AQ)= cxtP_(Ao, Ao[g]), 

p+q—n p-\-q—n 

where p, resp. q, corresponds to the Koszul, resp. internal, grading. By ext^_(», [<?]), we denote the right derived 
functor of hom^_(», ^loM) in the category yjgrmod of graded left Ag-modules, whose spaces of morphisms are defined 
as hom^_(F, W), the space of morphisms of degree from V to W . 

The right-derived functor ext^_(», Ao[(7]) can be computed by means of the Koszul resolution K*(yl), hence 

extP_(Ao, AoM) = HP(homA_(K-(A), Ao[(?]),d), 

where, by abuse of notation, d denotes the differential induced by the Koszul differential d by composition on the 
right. The Koszul differential d acts trivially, whence the cohomology of the previous complex identifies with the 
complex itself: 

ext^„(Ao,AoM) -hom^_(K-(^),AoM) - (A^),, 

where the index q on the right hand-side term refers to the internal grading. The previous chain of isomorphisms 
follows from the fact that, being V non-negatively graded w.r.t. the internal grading, and Ap are both free of 
finite rank over Aq, thus, the dual space over Aq of A^^ is naturally graded w.r.t. the internal grading. 
Ext A- -groups admit the Yoneda product, i.e. a pairing of Koszul and internal degree 

Ext(r_""^'(Ao,Ao) ® Ext(j'l-"=)(ylo, Ao) ^ Ext^'l^+"-"^+"^)(Ao, Ao). 
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We consider a representative a of an element of Ext)^^'" (Aq, Ao) {^mi)ni- More explicitly, a acts by multipli- 
cation w.r.t. Ao and by derivations on S"'i(X2[l]), finally setting coordinates on X| to 0. Furthermore, a can be 
lifted to an element a„ of liom^_ (K^™i~"(A), K~"(A)[ni]) acting by contraction. 

We now consider two elements a, (3 of Ext^''"'^(Ao, Aq), i = 1, 2: the Yoneda product between them is represented 
by the composition of contractions 

a® 13^ (_l)(™i+"i)(™2+«2)^ o ^ ^Q,^ 

viewed as an element of homA(K~™i^™^(A),^o['^i + ^2]) = (^m.i+m2)"i+"2' therefore, the Yoneda product is 
represented by the opposite product in A'. 

We can finally summarize all arguments so far in the following 

Theorem 7.3. For a finite- dimensional graded vector space Y , admitting a decomposition Y = Xi © X2, there is an 
isomorphism 

Ext*(^.)_(S(xr),S(X*)r = S(xr®X2[-l]), 
0/ bigraded algebras w.r.t. the Koszul and internal grading. 

Of course, the arguments above, with due modifications, hold true also when replacing left modules by right 
modules. 

Wc also have an isomorphism 

E^ti(^.)_(S(Xr), S(xn)°P - S{X; © 

of bigraded algebras; here, it is better to think of Extg(y.-,_(S(XJ'), S(Xj*))°P as e.g. the cohomology of the DG 
— • ^ 

algebra Endg(y.)_(S(Xj*)), with obvious Aoo-structures. 

7.3.4. The proof of Keller's condition. It is clear that the GAs A and B and the graded vector space K from 
Subsection 6.2 fit into the setting of Subsubsection 7.3.1; we consider here K as an A-i?-bimodule, where the actions 
are simply given by multiplication, followed by restriction. 

We now recall the Aoo-^-S-bimodule structure from Subsection 6.2. 

Lemma 7.4. For the structure maps (32), Subsection 6.2, hold the triviality conditions 

d^" — d^'" = 0, if n,m> 2. 

Further, d^^, resp. d]f , endow K with the structure of a right B -module, resp. left A-module, simply given by 
multiplication followed by restriction: in particular, the A^o - A- B- structure on K restricts to the above left A- and 
right B-module structures. 

Proof. We recall from Subsection 6.2 the construction of (32): if e.g. we consider the Taylor component 

dr(^l&il---IM- E o.^(fc|&i|---IM)- 

The discussion on admissible graphs in Subsection 6.2 imply that a general admissible graph T in the previous sum 
has no edges: the corresponding integral is thus non-trivial, only if the dimension of the corresponding configuration 
space is 0, which happens exactly when n = 1. 

In such a case, d^^"'^ is simply given by multiplication followed by restriction on K, since there is no integral 
contribution. □ 

We observe that Lemma 7.4 implies that the left Aoo-modulc structure on A', coming by restriction from the 
Aoo-^--B-bimodule structure, is the standard one, as well as the right Aoo-niodule structure; on the other hand, the 
Aoo-^-B-bimodule structure is not the standard one. In particular, if we take the bar-cobar construction on K, for 
the left A-module structure we get a resolution of K, as well as for the right B-module structure; however, we do 
not get a resolution of K as an A-B-bimodule. 

Lemma 7.4 implies, in particular, that the cohomology of YiX\A __g{K) coincides with Extl^(i4r, K)^ the latter being 
the derived functor of IIom_B(», /-C) in the category Mod_B. It is also clear that the graded algebra structure on 
YiX\A _p{K) induces the opposite of the Yoneda product on YiyLi'^ g{K , K) , see e.g. [16] for a direct computational 
approach to the Yoneda product. 

We know from Subsection 4.1 that Ija is an Aoo-algebra morphism from A to End _^^(A'): in particular, since the 
cohomology of the Aoo-algebra A coincides with A itself, L^ descends to a morphism of GAs from A to Extl^ (AT, Ar)°P, 
where the product on Extl^(iir, K)°^ is the opposite of the Yoneda product. 
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Proposition 7.5. We consider A, B and K as in Subsection 6.2, with the corresponding Aoo-algebra structures and 
Aoo-A-B -bimodule structure respectively, then the left derived A-action I^a is a quasi- isomorphism. 

Proof. By the previous arguments, descends to a morphism of GAs from A to Ext*_^(_R', A'); using the notation 
from Subsection 6.2, the GA A is generated by the commuting variables {xi}, for i in (/i n I2) U (/i n /|), and the 
anti-commuting variables {dx^}, i in (/f n 12) U (/f n /|). 

On the other hand, as a corollary of Theorem 7.3, there is an isomorphism of GAs Yj-yLt'^ ^{K , K) = A: namely, 
B = S(r*), for Y* = {Ur\V)*®{U^r\V)*®{Ur\V^)[-l]®{U+V)^[-li and we set = {Ur\V)®{{U ^V)^)* [-1], 

X2 = f^V)®{Uf^ V^y[-i]. 

We will now prove that is the identity map of A, by evaluating on the generators of A. 
We consider first Xi, for i \n Ii C\ I2'. the Taylor components of \j\(xi) are given by 



Lii(x,r(A:|6i|---|6„) =d^"(x,|fc|6i|---|M - Y] l^i+i+n { u;/^(x#|6i| • • • |6„) 




An admissible graph T yielding a non-trivial contribution to the previous expression has at most one edge: since 
n = |E(r)| > 1, we have only two possibilities, either i) T has two vertices of the second type and no edge, or ii) T 
has three vertices of the second type and one edge. Pictorially, 



Xi k 

Figure 13 - The only two admissible graphs contributing to L\{xi 



In case ii), we get 



L\ix,y {k\b,) ^ d]i\x,\l\b,) ^ { / c^+'- (-l)l"lfc(6d.,&i)k, 



and since 61 contains poly- vector fields normal w.r.t. V, the contraction w.r.t. da;^ annihilates bi. Thus, we are left 
with case i), whence immediately 

l^\ix^)°{k)=X^k. 

We consider then Xi, for i in /i n /j: again, we have to consider only L^(a;.j)° and L\{xi)^. In the first case, 
the contribution is trivial, because L^(xj;)o(fc) is simply restriction on K of the product x^k. We are left with 
L^(a;i)^(fc|6i): by construction. 



L\ix,y {k\bi) - / L,+'- (-l)l'=lfc \k = (-l)"^!^ (td..6i) I 



+ 
3,0 



because the integral can be computed explicitly e.g. by choosing a section of Cq^, which fixes the middle vertex to 0, 
and the left-most one to —1, and using the explicit formula; for the 4-colorcd propagators, see Subsubsection 5.3.2, 
and is equal to 1. 

We consider di — dx^ , for i in /j^ n /2 : then, 

i.\{d,r{k\b,\---\b^) = d'^\dMhi\---K)= Lo'^{dMhi\---K)\. 

The arguments of Subsection 6.2 imply that the admissible graphs in the previous formula have at most one edge: 
thus, only two graphs can contribute possibly non-trivially, either i) the only graph with two vertices of the second 
type and no edge or ii) the only graph with three vertices of the second type and one edge, pictorially 











5, k 1 





d, k 

Figure 14 - The only two admissible graphs contributing to lj\[di) 
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We consider |E(r)| = 0: there is only one graph with two vertices of the second type and no edges, whose corresponding 
contribution vanishes, since we restrict to K. On the other hand, for |E(r)| = 1, we have only one graph with three 
vertices of the second type, and one edge, whose contribution is 




\K, 



where the integral can be computed explicitly e.g. by choosing a section of Cq^, which fixes the middle vertex to 0, 
and the left- most one to —1. 

Finally, we consider di, for i in D /|: by the same arguments as above, we need only consider L\{di)^ and 
L\(diy. We first consider L^^di)^: the computation in the previous case implies that L^(9i)^(fc|6i) vanishes, since 
bi does not depend on variables {xi}, i in 1^0 Thus, we are left with L^(9i)°, which is simply left multiplication 
by di by construction. 

In the previous computations, L^(») is regarded as an element either of Hom(/C[l], A'[l]) or of Hom(_ft'[l] ® 
-B[l], -f!r[l]): more precisely, we view Lj^(»), in all four cases, as a representative of a cocycle in Extl^ (isT, -fC) w.r.t. 
the bar resolution of if as a right A-module. To identify correctly L^(») with an element of A, we still need a chain 
map from the bar resolution of K to the Koszul resolution of if as a right i?-module, because of Subsubsection 7.3.3: 
in particular, we need the components hom.B^{K) = K®B to K°(S) = B and from 6f (if) = K®B®B to K-^{B). 
(We notice that the abstract existence of such a chain map is guaranteed automatically by standard arguments of 
homological algebra; the same arguments imply that such a chain map is homotopically invertible.) 

Since if is a subalgebra of B, the map S(f (if) ^ K"(B) is obviously given by multiplication; the map Bf{K) — > 
K~^(i3) is a consequence of Poincare Lemma in a linear graded manifold, more explicitly 



Bf(if)3 (fc|6i|&2)^ 



(-l)l'=lfc {^V^j^ {dyM){tv)^t^ h e K-i(B), 



where {yi} denotes a set of linear graded coordinates (associated to the chosen coordinates {xi} on X) of the graded 
vector space X2, and where we have hidden linear graded coordinates on Xi, because they are left untouched by 
integration or derivation. Graded derivations and corresponding contraction operators act from the left to the right. 

From the previous computations, we see that h\{xi), i in ii H i|, and L\{di), i in if n I2, act non-trivially only 
on elements of the form {k\di\b2), i in Ii n i|, and {k\xi\b2), i in if n I2 respectively: the image of such elements 
in Bi{K) w.r.t. the previous map is (— l)''"''fc dy^ 62, where now yi is a standard coordinate, if i is in if H i2, or a 
coordinate of degree — 1, if i is in ii n i2 . 

Setting then 62 = 1, the computations in Subsubsection 7.3.3 imply the desired claim. □ 

The same arguments, with obvious due modifications, imply that : B — > End 4 .fif)°P is also a quasi- 
isomorphism: in fact, the same kind of computations in the proof of Proposition 7.5, prove that equals the 
identity map on B, identifying the cohomology of End ^ (A")°p with ExtA-(if, if in the category of left A- 
modules. Thus, Keller's condition 4.3 for the Aoo-algebras A and End _ p(if )°p is verified, from which we can deduce 
that the projection ps in Diagram 50 is a quasi-isomorphism in virtue of Theorem 4.12; similarly, the projection p^^ 
is also a quasi-isomorphism, whence the commutativity of Diagram (50) implies that U is a quasi-isomorphism. 

Equivalently, the Taylor component is a. Hochschild-Kostant-Rosenberg-type quasi-isomorphism from Tpoiy (X) 

to the cohomology of the Hochschild cochain complex ^C'(Catoo(^, i?, if ), [fJ-,']^, where /i is the structure of Aqo- 
category on Catoo(^, i?, if ), described in Subsection 6.2: from the discussion in Subsection 3.1, the HKR quasi- 
isomorphism has three components, Ug and U}^. All three components can be described explicitly in terms of 
admissible graphs: the components L{\ and have been already described explicitly in [6] in the framework of a 
formality result for graded manifolds. 

On the other hand, the third component Uj^ : (rpoiy(X), 0) I C'{A, B, K), [d/^, •] ] is new. By construction. 



Z^j^(7)(ai|---|a™|fc|6i|---|6„)= ^ 0^(7|ai| • • • |a„|fc|6i| • • • |6„)- 

Since the dimension of the configuration space Cj^^^^+n equals m + n + 1, only those admissible graphs F in Qi.m+i+n 
with |E(F)| = m + ?i + 1 yield possibly non-trivial contributions to the previous sum: such graphs can be of two 
types, i) HKR-graphs, i.e. there are no edges in such graphs between vertices of the second type (hence, all edges 
connect the only vertex of the first type, corresponding to the multi- vector field 7, with the vertices of the second 
type), or ii) HKR-Aoo-graphs, i.e. graphs which contain (possibly multiple) edges connecting vertices of the second 
type, edges connecting the only vertex of the first type to vertices of the second type, and at most 1 loop at the only 
vertex of the first type. 
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We observe that, for an admissible graph F of type (1, m + 1 + n) to yield a non-trivial contribution to the previous 
expression, the only vertex of the first type must be at least bivalent (i.e. there are at least two edges departing of 
incoming from this vertex). Because of similar reasons, there is no 0-valent vertex of the second type (i.e. a vertex of 
the second type, which is the initial or the final point of no edges). 

Pictorially, the component U}^ of the HKR-typc quasi-isomorphism U of Theorem 7.2 is a sum of the following 
two types of graphs: 




or 




Figure 15 - Two possible admissible graphs of type (1,7) contributing to U}^ 



8. Maurer-Cartan elements, deformed Aoo-structures and Koszul algebras 

Here an below we consider the case when K has finitely many non-trivial taylor components. 

In Section 7, we have constructed an ioo-quasi-isomorphism W from Tpoiy(X) to C*(Catoo(^, B, i^). 

We consider a formal parameter h: the ring = is a complete topological ring, w.r.t. the fi,-adic topology. 
Accordingly, we denote by T^oiy{X) the trivial deformation Tpoiy{X)lh], where the Schouten-Nijenhuis bracket is 
extended to T^^iyi-^) fc?i-linearly, and by Afi, Bfi and Kn, the trivial fc?i-dcformations of A, B and K respectively as 
in Subsection 6.2, where the GA-structures on A and B and the Aoo-^-B-bimodule structure is extended fc?i-linearly 
to the respective algebras and modules. 

In this framework, a ^.-dependent MCE of T^aiyi-^) defined to be a /i-dependent polynomial bivector 7r?i, which 
satisfies the Maurer-Cartan equation [-Kf^^iTf^ ~ Q. The /i- formal Poisson bivector 7r?j is assumed to be of the form 
TTji — fiTTi + 0{h^): in particular, the Maurer-Cartan equation translated into a (possibly) infinite set of equations 
for the components 7r„, n> 1, e.g. tti is a standard Poisson bivector on X. 

Since W is an Loo-morphism, the image oiiTfi w.r.t. (the fc/j-linear extension of) U is also a MCE of C'(Catoo(^, B,K)), 

i.e. 




n-timcs 



Again, the MCE lA{'Kti) splits into three components, which we denote by UAiT^n), i^Bij^h) and lAKiT^h), viewed as 
elements of C\Ar^,Ar^), C\Bn,Bn) and C\At,,Bn,Kn). 

8.1. Deformation quantization of quadratic Koszul algebras. We assume that we are in the framework of 
Subsection 6.2, where now U = {0} and V ~ X^ whence A = A(X), B = S(X*) and K = k: A and B are once again 
regarded as GAs, and K is endowed with the (non-trivial) Aoo-^-S-bimodule structure described in Subsection 6.2. 
Furthermore, Theorem 7.3, Subsubsection 7.3.3, yields the well-known Koszul duality between A and B, i.e. 

Ext;:i_(A", A') = Y.y±'_g{K,K) = A, 

where K is viewed as a left A-modulc and right i?-module respectively, as a consequence of Lemma 7.4, Subsubsec- 
tion 7.3.4. 

The Koszul complex of A in the category ^GrMod identifies with the deRham complex of X, with differential given 
by contraction w.r.t. the Euler field of X, as can be readily verified by repeating the arguments of Subsubsection 7.3.1 
in the present situation: in particular, the Koszul complex is acyclic, whence A and B are Koszul algebras over k. 

We recall that the property of a non-negatively graded algebra A over a field K = Aq (more generally, over a 
semisimple ring K = Aq) of being Koszul, is equivalent to the existence of a (projective or free) resolution of K in the 
category of graded right A-modulcs, whose component of cohomological degree p is concentrated in internal degree 
p ("internal" refers to the grading in the category GrModfc). 

For our purposes, we are interested in another criterion for a non-negatively graded algebra of being Koszul: 
namely, A is a Koszul algebra, if and only the Ext^_(Ar, A')-groups are concentrated in bidegree (i, —i), i > 0. We 
observe that the Koszul property implies that A is quadratic, see e.g. [2, 17] for details. 
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For a very detailed discussion of Koszul algebras, we refer to [2]; still, for a better understanding of the upcoming 
computations, we develop the above criterion in some details. 

The graded Bar resolution of K in the category of graded left A-modules, denoted by B^''^{K), is defined via 

where A+ = ®„>i An and the tensor products have to be understood over the ground field fc; the differential is a 
slight modification of the standard bar-differential. 
By the definition of the category ^GrMod, we have 

(52) }ioiT,A-{B-^'+{K),K) = 0homA-(S^^+(if),i^[g]). 

The differential on B'^'^{K) has homological degree 1 and Koszul degree 0, where now the Koszul grading refers to 
the non-negative degree on coming from the grading of A; by duality, }iomA-{Bp'^{K), K) has a differential 

of bidegree (1,0), where the first, resp. second, grading is the cohomological, resp. Koszul, one. 

Hence, we have a natural bigrading on Ext^_(if, i^), inherited from Identity (52). Further, since K is concen- 
trated in Koszul degree 0, K[q] is concentrated in degree —q. Since by construction Bp'^{K) is concentrated in 
Koszul degree bigger or equal than p > 0, it follows immediately that in general —q > p, i.e. Ext\_{K, K) = 
ep+,<oext^_(/CAlg]). 

In particular, the same arguments leading to the bigrading of Ext^_ {K, K) yield, assuming A is a Koszul algebra, 
the following condition on the bigrading: 

(53) ^xt\_{K,K)= E<''(/^,if)= ext^_(if,i^[g]). 

p+q=0 p+q=0 

For a proof of the converse statement, we refer again to [2]. 

Lemma 7.4 implies that the cohomology of End 4 jK) identifies with Ext^_(i^, ii') in the category ^Mod, and, 
similarly, the cohomology of End _p(i'C) identifies with Ext'_^(_ft', K) in the category GrMods. 

For computational reasons, we choose a set of linear coordinates {xi\, i — \, . . . ,d, on X: thus, A is generated by 
{xi} and B is generated by {dx^ = di}, i ~ 1, . . . ,d. 

The chain map from B^ (K) to K^*{B) used in the proof of Proposition 7.5, Subsubsection 7.3.4, simplifies 

considerably: in particular, the image of (II61I62) in B^{K) equals - ( {d^bi){tx)b2{x)dtj dx^ in K-^{B). 

Proposition 8.1. The left derived action La descends to an isomorphism from A to ^^-^QFixt'^^'^K , K) . 

Proof. Adapting to the present situation the arguments of the proof of Proposition 7.5, Subsubsection 7.3.4, we find 



(54) L\{d,ni\h\---K) 



{dxMm, n = l, 
0, otherwise. 



Viewing 1 (E) Xi (E) 1 as an element of Koszul degree 1 in Bi'^{K), and recalling the previous discussion on the 
bigrading on Ext*_^ (iiT, /C), the previous computation implies, in particular, that the image of La is contained in 
Since La is an algebra morphism, and by the above criterion for Koszulness, B is a Koszul algebra. 
Finally, using the chain map from the bar resolution to the Koszul resolution of K in sGrMod, L\{di)i = — ta^, 
where the expression on the right-hand side is viewed as a B-linear morphism from Ki(_B) to K. □ 

We observe that, repeating these arguments verbatim, we may prove that is an algebra isomorphism from B 
to Fjxt'A_{K, K) = A, and that the image of Y* = Ai w.r.t. Kb is contained in the piece of bidegree (1,-1) of 
Ext A.{K,K). 

We now consider a ft- formal quadratic Poisson bivector on X, and the corresponding MCE U{Tih) with components 
UAiT^h), UBiT^h) and UKiT^h)- 

It is easy to verify that lAA{T^h) and UB{T^h) define associative products on An and Bfi respectively: namely, e.g. 
l^A{T^h) can be written explicitly as 

UA{^nr{*\---\*)^Y.h. ^ Or(^ni---k.i-i---h), 

m-timcs — ' n-timcs m-timcs 

borrowing notation from Subsection 7.1. 
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For a general admissible graph F of type (n,m), we have 



n-timcs m-timcs 



^ n-timcs m-timcs / 



The integral in the previous expression on the right-hand side is non-trivial, only if the degree of the integrand equals 
2n + TO — 2, which is the dimension of C^„j. 

The degree of the integrand equals 2n, since we restrict to A by means of the multiplication operator fin+m' ^.nd 
since no edge in this situation can depart from vertices of the second type, if the corresponding contribution to the 
previous expression is non-trivial: this forces to = 2. 

We may thus consider +UA{Trn); where fiA is the _ftr^-linear extension of the product on A to Af^: it is easy 
to verify that it defines an associative product -k^ on A^, which, for h = 0, reduces to the standard product on A. 
Similar arguments imply that UsiT^n) defines an associative product on B^, which reduces, for ft = 0, to the 
standard product on B. 

Furthermore, the expressions d^^" = d^™ + UK{'^h)"^'^\ for non-negative integers to, n, define an Aoo-Afi-Bti- 
bimodule structure on Kf^, which reduces, for ft = 0, to the yloo-A-B-bimodule structure on K described in Subsec- 
tion 6.2. 

Lemma 8.2. The Taylor components d^^" satisfy the following triviality conditions: 

~ '^'k^ ~ either to = n = or m,n > 2. 
Proof. Wc consider cxcmplarily a Taylor component d^", for n > 0: more explicitly. 

d^:(l|^i|---|M = E7f E ^^r'('^r.|---k,|l|6i|...|&„), 



i>o rGe,.i+„ 



^-timcs 



with the same notation as above. 

For a general admissible graph F of type (/, 1 + n), 




Such an operator gives a non-trivial contribution to d^^", only if |E(F)| = 21 + n — 1, where 2n + / is the dimension 
of C'l^i^j^- Since a general vertex of the first type of F has at most two outgoing edges, and a general vertex of the 
second type has no outgoing edges, and since we restrict to K, it follows that |E(F)| = 21, whence n = 1. Similar 
arguments imply the claim for d^^*^, when to > 2 or to = 0. □ 

We now discuss the grading on the deformed algebras A^, Bfi: we recall that the corresponding undeformed 
algebras possess a natural grading. 

Lemma 8.3. The natural grading of A and B is preserved by the associative products -kA ctnd *b respectively. 
Proof. Exemplarily, we consider a general non-trivial summand in 

ri>i ree„,2 ' ' 

~ ' m-times 

associated to an admissible graph F of type (n, 2). 

By the same arguments used in the proof of Lemma 8.2, such a graph has the property |E(F)| = 2n, which, by 
construction of the operator Op , implies that Op contains exactly 2n-derivations. Since the polynomial degree of the 
element (•! ■ • • |»|ai|a2) equals 2n-|-deg(ai)-|-deg(a2), the claim follows directly, where deg(») denotes the polynomial 

m-timcs 

degree, and we recall that tt^ is a quadratic bivector. 

Similar arguments imply the claim for Bn. □ 

As a consequence of Lemma 8.2, has a structure of left Ari- and right By^-module and the degree-O-componcnt 
of both Bfi and Aji identifies with Kfi, where the degree is specified by Lemma 8.3: hence, the cohomology of 
End {KhY"^ identifies with Ext^^_ (i^T^i, if ;i)°P in the category ^i^jGrMod, and the product on End (A"b)°p de- 
scends, by a direct computation, to the opposite of the Yoneda product on Ext^^_ (Xri, -^rOi where [An^-kA) and 
[Bhi^B) are GAs in view of Lemma 8.3. Similarly, the cohomology of End (Kn) identifies with Extl^^ (AVi, AVi) 
in GrMods^ , and composition descends, again, to the opposite of the Yoneda product. 
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Remark 8.4. We have been very sketchy in the definition of e.g. End _ {Kn)- in fact, we define it, as a graded vector 
space, as the direct sum of the homogeneous components of the ?i-trivial deformation 'End _p(K)h, where the product 
is extended /i-linearly and continuously w.r.t. fi-adic topology, but whose differential is now the graded commutator 
with the deformed differential dKn.Bn- Thus, in the previous identification, we should also write Ext\_{K, K)'^ , 
where the product is also extended ?i-linearly and continuously w.r.t. the fi-adic topology, but we still keep the 
previous notation. 

The Taylor components d^'", m, n non- negative integers, define, by the arguments of Subsection 4.1, the left 
derived action L^^ of ^oo-algebras from An to End _ (Kn), and similarly for the right derived action R_Br: 
descends to an algebra morphism from Afi to Ext*_g^ {Kfi, Kfi). 

Lemma 8.3 yields a bigrading on Ext*_^^ (i^/i, i^^j) and on Ext*_^^ (i^^j, i^^j) in the respective categories by the 
previous arguments. 

Lemma 8.5. The left derived action Ija^ rnaps An to ^^^.q Ext^'g^(/-C;i, iiT^). 
Proof. First of all, we consider 

L\^id,rm\ . . . K) = d]^^(a,|l|6i| • • • |6„) = ^ 1 J2 ^ri^nl ■ ■ ■ k.|9,|l|6il ' ' ' K), 

bj in S/j, J = 1, . . . , n, for n > 1, using the same notation as above. 

We consider a general admissible graph F of type (/, 1 + n + 1), / > 0, n > 0: its contribution is 

O^iirnl ■ ■ ■ |7r;,|c),|l|6i| • • • \b„) = I [ lu^ {irnl ■ ■ ■ k;.|9,|l|5i| • • • |6„) 

/-times ^ /-times 

The degree of the integrand equals |E(F)|, which, by all previous discussions, equals 21 + 1; since the dimension of 
~^ ^^^^ previous integral is non-trivial, only of if n = 1. 
Thus, it remains to consider only 

L\^id.,ym) = ^ 1 J2 '^ri^nl ■ ■ ■ \7Tnmi\bi), 6i e An. 
For a general admissible graph F in Qi i+i+i, we consider the element O^iT^n] • • ■ |7r?i|c?i|l|^i) of K^'. by construction, 

^ V ' 

/-times 

it is non- vanishing, only if its polynomial degree w.r.t. {a^j} is 0. The arguments of the proof of Lemma 8.3 imply 
that its degree in the symmetric part is dcg(&i) — 1, which is equal to 0, only if deg(6i) — 1, i.e. ai is a monomial of 
degree 1. 

The claim follows. □ 
Further, it is follows immediately from previous discussions 

La,U=o = La, Y.y±'_B^{Kn,Kn)\H=o = Extls(A', A"). 

We also observe that all deformed structures are obviously /i-linear, in particular, the differential on End-s^ {^fi) is 
?i-linear. 

Summarizing the previous results, we have an /i-linear morphism Lar of DG algebras from {An, 0, i^A) to ( End __^,^ {^h), [dKn-Bn: ' 
which restricts to a quasi-isomorphism, when ft = 0: then, a standard perturbative argument w.r.t. ft implies that 
La^ is also a quasi-isomorphism, i.e. Keller's condition is verified for La^j- 

In virtue of Lemmata 8.3 and 8.5, Keller's condition implies that Ext'_g^{Kti, Kn) is concentrated in bidegrees 
(p, —p), p > I, whence it follows that is a Koszul algebra over K^. 

On the other hand, the same arguments imply the validity of Keller's condition for Rb^, • this, in turn, implies 
that An is a Koszul algebra. 

Theorem 8.6. We consider the d- dimensional vector space X = fc'', and a h-formal quadratic Poisson bivector 
TTn = ftTTi + O(ft^) on X ; further, we set A = A(X), B = S{X*) and K = k, with the Aqq- structures discussed in 
Subsection 6.2. 

Then, the MCE 'Kn defines, by means of the Loo-morphismlA of Theorem 7.2, Subsection 7.2, GA-algebra structures 
on An and Bn, and an Aoo-An-Bn-bimodule structure on Kn, which deforms A and B to Koszul algebras An and Bn, 
which are again Koszul dual to each other, i.e. 

Ext\^_{Kn,KnrP = Bn, Exf ^.(i^fi, = An, 

in the respective categories. 
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Remark 8.7. We observe that Theorem 8.6 is an ahernative proof of the main resuh of [17]: the main differences he 
in the fact that i) we make use of Kontsevich's formahty resuh in the framework examined in [6], and ii) instead of 
deforming Koszul's complex of A and B to a. resolution of An and Bn, we consider already at the classical level (i.e. 
when ft = 0) a non-trivial Aoo-^--B-bimodule structure on K = k, which we later deform by means of a quadratic 
MCE in T^.yiX). 
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